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ABSTRACT

While the vast majority of clusteringalgorithmsare partitional,
mary realworld dataset®iave inherentlyoverlappingclusters.Sev-
eral approacheso nding overlappingclustershave come from
work on analysisof biological datasets.In this paper we inter-
pretanoverlappingclusteringmodelproposedy Segal et al. [23]
asa generalizatiorof Gaussiammixture models,andwe extendit
to anoverlappingclusteringmodelbasedon mixturesof ary regu-
lar exponentiafamily distribution andthe correspondingdregman
divergence.We provide the necessargalgorithmmodi cations for
this extension,andpresentesultson syntheticdataaswell assub-
setsof 20-NevsgroupsandEachMwie datasets.

Categoriesand Subject Descriptors

H.2.8[DatabaseManagemeni: Databasépplications- DataMin-
ing; 1.2.6[Arti cial Intelligence]: Learning

General Terms
Algorithms

Keywords
Overlappingclustering,exponentialmodel, Bregmandivergences,
high-dimensionatlustering graphicalmodel.

1. INTRODUCTION

Most clusteringmethodsartition the datainto non-overlapping
regions,whereeachpoint belongsto only onecluster In avariety
of importantapplicationsthough,overlappingclustering wherein
someitems are allowed to be membersof two or more discor/-
eredclusters,is moreappropriate For example,in biology, genes
often simultaneouslyparticipatein multiple processestherefore,
when clusteringmicro-arraygeneexpressiondata, it is appropri-
ateto assigngenego multiple, overlappingclusterg[23, 4]. Simi-
larly, whenclusteringdocumentsnto topic categyories,documents
may contain multiple relevant topics and an overlappingcluster
ing mightbemorerelevant[22]. In the 20-Navsgoupsbenchmark
datasetarticleswith multiple topics are crosspostedto multiple
newsgroups. Ideally, a clusteringalgorithm appliedto this data
would allow articlesto be assignedo multiple topic labelsand
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would rediscaer the original cross-postedrticles. In the Each-
Movie datasetisedto testrecommendesystemsmary moviesbe-
long to morethanonegenre,suchas“Aliens”, which is listed in
theaction,horrorandsciencection genres.An overlappingclus-
teringalgorithmappliedto this datashouldautomaticallydiscover
suchmulti-genremovies.

In this paper we generalizean approachto overlappingclus-
tering introducedby Segal et al. [23], hereaftereferredto asthe
SBK model. Theoriginal methodwaspresente@sa specialization
of a ProbabilisticRelationalModel (PRM) [14] and was speci -
cally designedor clusteringgeneexpressiordata. We presentan
alternatve view of their basicapproachtasageneralizatiorof stan-
dard mixture models. While the original model maximizedlik e-
lihood over constantvarianceGaussianswe generalizdt to work
with ary regular exponentialfamily distribution, and correspond-
ing Bregman divergences thereby making the model applicable
for a wide variety of clusteringdistancefunctions[2]. This gen-
eralizationis critical to the effective applicationof the approacho
high-dimensionabparsedata,suchastypically thoseencountered
in text mining andrecommendesystemswhereGaussiarmodels
andEuclideandistanceareknown to performpoorly. Further we
proposea novel algorithmdynamicM thatassignsnstanceso mul-
tiple clustersfor the generaimodel. We alsooutline analternating
minimizationalgorithmthatmonotonicallyimprovesthe objective
functionfor overlappingmodelsfor ary regularexponentiafamily
distribution.

In orderto demonstratéhe generalityand effectivenessof our
approachwe presenexperimentdn which we producedandeval-
uatedoverlappingclusteringdor subset®f the20-Navsgoupsand
EachMovie datasetsmentionedabove. An alternatve “straw man”
algorithmfor overlappingclusterings to produceastandargroba-
bilistic “soft” clusteringby mixturemodelingandthenmake ahard
assignmenbf eachitem to one or more clustersusing a thresh-
old on the clustermembershigorobability The ability of thresh-
oldedsoft clusteringto producegoodoverlappingclusteringds an
openguestion.Consequentlywe experimentallycompareour ap-
proachto anappropriatehresholdedsoft clusteringandshow that
theproposedverlappingclusteringmodelproducegroupingghat
aremore similar to the original overlappingcategoriesin the 20-
NewsgoupsandEachMovie data.

A brief word on notation: uppercaséetterssuchas X signify
a matrix, whoseit" row vector is representeds X;, jt" column
vectoris representedsX!, andwhoseentryin row i andcolumnj
is representedsX; aswell asX;.

2. BACKGROUND

In this section,we give a brief introductionto the PRM-based



SBK model. Probabilistic RelationalModels(PRMs)[14] extend
the basicconceptof Bayesiametworksinto a framework for rep-
resentingand reasoningwith probabilistic relationshipsbetween
entitiesin a relationalstructure. The SBK modelis an instantia-
tion of a PRM for capturingthe relationshipdetweengenes pro-
cessesandmeasureaxpressiornvalueson DNA microarrays.The
structureof theinstantiatednodelsuccinctlycaptureghe underly-
ing biologicalunderstandin@f the mechanisngeneratinghe ob-
sened microarrayvalues— namely thatgenesparticipatein pro-
cessesexperimentalconditionscausethe invocationof processes
atvaryinglevels,andtheobseredexpressiorvaluein ary particu-
lar microarrayspotis dueto the combinedcontritutionsof several
differentprocessesThe SBK modelplacesno constraintson the
numberof processes which ary genemight participate andthus
genemembershign multiple processes,e., overlappingcluster
ing, naturallyfollows.

The SBK modelworks with three matrices: the obsered real
expressiommatrix X (genes experiments)ahiddenbinarymem-
bershipmatrix M (genes processesgontainingthe membership
of eachgenein eachprocessanda hiddenreal activity matrix A
(processes conditions)containingthe activity of eachprocess
for eachexperimentalcondition. The SBK modelingassumeshat
the expressionvalue Xi' correspondingo genei in experimentj
hasa Gaussiardistribution with constantvariance. The meanof
the distribution is equalto the sum of the actvity levels Aﬂ1 of

the processes in which genei participatesothat p(XiJjMi JA) =
plesexp( %Z(Xij MiA2). The SBK modelfurther assumes
that M and A areindependento that p(M;A) = p(M)p(A) and
thatxij's areconditionallyindependengiven M; andAi. M andA
areassumedo be component-wiséndependenaswell. Assum-

ing that elementsof A are uniformly distributed, consideringthe
log-likelihoodof thejoint distribution, we have

M- o1 2 .
m%xlogp(X,M,A) ml/l_‘\l 252kX MAk“ logp(M) :

To nd thevalueof the hiddenvariablesM andA, the SBK model
usesan EM approach12]. The E stepinvolves nding the best
estimate®f thebinarygenes-processembershipsl. TheM step
involves computingthe prior probability of genemembershign
eachprocesg(M) andthe process-conditioactivationsA.

Thecoreparameteestimationproblemis mucheasierto under
standif we recastit asa matrix decompositiorproblem,initially
ignoring the priors. With the knowledgethattherearek relevant
processesn the obserations, we wantto nd a decomposition
of the obsered expressionmatrix X 2 " 9 into a binary mem-
bershipmatrix M 2 f0;1g" ¥ anda real valuedactivation matrix
A2 Kk dgychthatjjX MAjj2 is minimized.Hence the problem
is oneof matrix factorizationandthedif culty arisesrom thefact
thatM is abinarymatrix.

3. THE MODEL

In this section,we rst outline a simplisticway of gettingover
lapsfrom soft-clusteringoasedon mixture models. Then,we pro-
poseour modelfor overlappingclustering,hereaftereferredto as
MOC, asa generalizatiorof the SBK model.

3.1 Overlapping Clustering with Mixtur eModel

Given a setof n datapointsfXg ; in d, representedy a
n d matrix X, tting a mixture modelto X is equialentto as-
sumingthateachdatapointX; is dravn independentlyrom aprob-
ability densityp(XjQ) = &} ; anpn(Xijdh), whereQ = fangf_;,
k is the numberof mixture componentspy, is the probability den-
sity functionof theh™h mixturecomponentvith parametersy,, and

ap are the componentmixing coefcients suchthata, 0 and
éﬁzlah = 1. In mixture model estimation,eachpoint X; is as-
sumedto be generatedrom only one underlyingmixture compo-
nent. Let Z bean k booleanmatrix suchthatzij is 1 if the jt"

componentdensitywas selectedo generateX;, and 0 otherwise.
Letz beahiddenrandomvariablecorrespondingpo theindex of the
1in eachrow Z;: every z is thereforea multinomial randomvari-

able,sinceit cantake oneof k discretevalues.SincetheZ matrixis

unknown, the optimumparameters) of the mixture modelcanbe
obtainedusingthe well-known iterative ExpectatiorMaximization
(EM) algorithm[12]. The probability value p(z = hjX;; Q) after
corvergenceof the EM algorithmgivesthe probability of the point

X beinggeneratedrom the hth mixture component.Using these
probabilities, mixture modelsare often usedto generatea parti-

tional clusteringof the data,wherethe pointsestimatedo be most
probablygeneratedrom theh" mixturemodelcomponenarecon-
sideredto constitutethe hh partition.

In orderto usethe mixture modelto getoverlappingclustering,
wherea pointcandeterministicallybelongto multiple clusterspne
canchoosea thresholdvaluel suchthatX; belongsto the ht" par
tition if p(z = hjX;;Q) > | . Sucha thresholdingtechniquecan
enableX; to belongto multiple clusters. However, therearetwo
problemswith this method.Oneis thatthe choiceof the parameter
I, whichis dif cult to learngivenonly X. Secondlythisis nota
naturalgeneratie modelfor overlappingclustering.ln the mixture
model,theunderlyingmodelassumptioris thatapointis generated
from only onemixturecomponentandp(z = hjX;; Q) simplygives
the probability of X; beinggeneratedrom the ht" mixture compo-
nent. However, an overlappingclusteringmodel shouldgenerate
X by simultaneoushactivating multiple mixture componentsWe
describeonesuchmodelin the next section.

3.2 ProposedOverlapping Clustering Model

Theoverlappingclusteringmodelthatwe presenhereis agener
alizationof the SBK modeldescribedn Section2. TheSBK model
minimizesthe squaredossbetweenX andMA, andtheir proposed
algorithmsis not applicablefor estimatingthe optimal M and A
correspondindo otherlossfunctions.In MOC, we generalizethe
SBK modelto work with a broadclassof probability distributions,
insteadof just Gaussiansand proposean alternateminimization
algorithmfor thegeneraimodel.

The mostimportantdifferencebetweenMOC and the mixture
modelis thatwe remove the multinomial constrainton the matrix
Z, sothatit cannow be an arbitrary booleanmatrix. To distin-
guishfrom the constrainednatrix Z, we denotethis unconstrained
booleanmatrix asthe membershipmatrix M. Every point X;j now
hasacorresponding-dimensionaboolearmembershiwectorM;:
theht" componenM!" of this membershiectoris aBernoulliran-
dom variableindicatingwhetherX; belongsto the ht" cluster So,
amembershigectorM; with multiple 1's directly encodeshefact
thatthepoint X; belongsto multiple clusters.

Let usnow considerthe probability of generatinghe obsered

datapointsin MOC. Ais theactvity matrix of this model,whereAﬂ]

representshe activity of clusterh while generatinghe jt" feature
of thedata.The probability of generatingll the datapointsis

p(XiQ) = p(XiM; A) = O p(xjMm;; Al) (1)
]

whereQ = f M; Ag aretheparametersf p, andXiJ 'sarecondition-
ally independengiven M; and Al. In MOC, we assumep to be
thedensityfunctionof ary regularexponentialfamily distribution,
and also assumethat the expectationparameteicorrespondingo
X; is of theform M;A, sothatE[X] = M;A. In otherwords,using



vectornotation,we assumehat eachX; is generatedrom an ex-
ponentialfamily densitywhosemeanM; A is determinedby taking
the sumof the actity levels of the componentshat contritute to
thegeneratiorof X, i.e., M is 1 for the active components.
Using the abore assumptiongndthe bijection betweerregular
exponentialdistributionsandregular Bregmandivergenceg?2], the
conditionaldensitycanberepresenteds:

p(Xiiji;Aj) poexpf o (Xij; MiAl)g @

whered; is the Bregmandivergencecorrespondindo the chosen
exponentialdensityp. For example,if p is the Poissordensity ds
is the l-divergence;if p is the Gaussiardensity d; is the squared
Euclideandistance?2].

Similarto the SBK model,theoverlappingclusteringmodeltries
to optimizethefollowing joint distribution of X, M andA:

pX;M;A) = p(M;A)p(XgM;A) = p('!\/l)p(A)p(XjM;A)

= Op) OpeA)  Op0ximiiA)
i 3! i

Making similar model assumptionsasin Section2, we assume
thatM and A areindependenbf eachotherapriori and A is dis-
tributed uniformly over a sufciently large compactset,implying
that p(M;A) = p(M)p(A) u p(M). Then, maximizing the log-
likelihoodof thejoint distribution gives
" #

max 3 logp(Mf) & dr (X/: MiAY)
' i-h i}

. 4
min § dr (%j;(MA)ij) & logain :
MA i ih

maxlog p(X; M; A

whereaj, = p(Mih) is the (Bernoulli) prior probability of thei-th
pointhaving amembershipMj, to the h-th cluster

4. ALGORITHMS AND ANALYSIS

In this sectionwe proposeandanalyzealgorithmsfor estimating
theoverlappingclusteringmodelgivenanobserationmatrix X. In
particular from a givenobsenationmatrix X, we wantto estimate
theprior matrixa, themembershipnatrixM andtheactivity matrix
A soasto maximizep(M; A; X), thejoint distribution of (X; M; A).
The key ideabehindthe estimationis an alternatingminimization
techniguehatalternatedetweerupdatinga, M andA.

4.1 Updating a
The prior matrix a canbe directly calculatedfrom the current

estimateof M. If py, denoteghe prior probability of ary point be-
longing to clusterh, then,for a particularpointi, we have aj, =

phM‘h(l pr)t M. Sincepy, is theprobabilityof aBernoullirandom
variable,andthe Bernoulli distribution is a memberof the expo-
nentialfamily, the maximumlik elihoodestimatds justthe sample
meanof the sufcient statistic[2]. Sincethesufcient statisticfor
Bernoulliis justtheindicatorof theevent,themaximumlik elihood
estimateof theprior py, of clusterhisjustp, = % a; fMP=1g- Thus,
onecancomputethe prior matrix a usingtheseupdateequations.

4.2 Updating M
In themainalternatingminimizationtechniquefor agivenX; A,
theupdatefor M hasto minimize

& dr (Xij; (MA)i) :
5]

SinceM is abinarymatrix, thisis integeroptimizationproblemand
thereis no known polynomialtime algorithmto exactly solve the
problem. The explicit enumeratioomethodinvolvesevaluatingall
2% possibilitiesfor every datapoint, which can be prohibitive for
evenmoderatevaluesof k. So,we investicatesimpletechnique®of
updatingM sothatthelossfunctionis minimized.

Therecanbe two waysof comingup with analgorithmfor up-
dating M. The rst oneis to considera real relaxationof the
problemandallow M to take real valuesin [0;1]. For particular
choicesof the Bregmandivergence speci ¢ algorithmscanbe de-
visedto solvetherealrelaxedversionof theproblem.For example,
whenthe Bregmandivergenceis the squaredoss, the correspond-
ing problemis justtheboundedeastsquare¢BLS) problemgiven
by M_Om’\i/ln . kX MAK2, for which therearewell studiedalgo-

. ih

rithms[6]. Now, from therealboundedmatrix M, onecangetthe
clustermembershifoy roundingM;;, valueseitherby properthresh-
olding [23] or randomizedounding.If kg clustersgetturned‘on”

for a particulardatapoint, the SBK modelperformsan explicit 2%

searcloverthe“on” clustersn ordergetimprovedresults.Another
alternatve could be to keepM in its real relaxed versiontill the
overall alternatingminimizationmethodhascornverged,andround
it atthevery end. Theupdateequationof the priorspy, andaj, has
to beappropriatelychangedn this case.

Althoughtherealrelaxationapproactseemssimpleenoughfor
thesquaredosscasejt is notnecessarilysofor all Bregmandiver
gencesln thegeneralkcase onemayhave to solve anoptimization
problem(not necessarilycorvex) with inequality constraintspe-
fore applyingthe heuristicsoutlinedabore. In orderto avoid that,
we outlinea secondapproactthatdirectly triesto solve theinteger
optimizationproblemwithout doingrealrelaxation.

We begin by makingtwo obsenationsregardingthe problemof

estimatingM: (1) In arealisticsetting,a datapointis morelikely
to bein very few clustersratherthan mostof them; and (2) For
eachdatapointi, estimatingV; is a variantof the subsesumprob-
lem that usesa Bregmandivergenceto measurdoss. Taking the
rst obsenationa stepfurther, for adomainif it is well understood
(or desirable}that eachdatapoint can belongto at mostkg clus-
ters,for somekg possiblysigni cantly smallerthank, thenit may
be computationallyfeasibleto performan explicit searchover all

S ko .
thepossibilities: ¥ + K + + k'z %( , wherethelastin-

equalityholdsif kg k=2. Notethatfor kg = 1, the overlapping
clusteringmodelessentiallyreducedo the regular mixture model.
However, in generalsuchabrute-forcesearchmayonly befeasible
for very smallvalueof kg. Further it is perhapaot easyto decide
on sucha kg apriorifor a given problem. So, we focuson design-
ing anefcient way of searchinghroughthe relevantpossibilities
usingthe secondbsenration.
Thesubsesumproblemis oneof thehardknapsaclproblemd9]

thattriesto solve the following: Givena setof k naturalnumbers

suchthata 5 »san = X. In amorerealisticsetting,oneworks with
a setof realnumbersandtriesto nd a subsetsuchthatthe sum
overthesubsets the closespossibleto x. In our casewe measure
closenessisinga Bregmandivergenceandwe have multiple target
numbergo which we wantthe sumto be close. In particular then
theproblemisto nd M, suchthat " ‘
M; = amgmin di (X;MiA) = amgmin & dr (Xij; & MIAY)
M; 2f 0;1gk M;2f 0;1gk j=1 h=1

lossis thesumof theindividual lossesandtheproblemisto nd a
singleM; thatminimizesthetotal loss.



Using the inherentbias of naturaloverlappingproblemsto put
eachpoint in low numberof clusters,and the similarities of our
formulationto the subsetsumproblem,we proposethe algorithm
dynamicM (Algorithm 1). The algorithmis motivatedby the Apri-
ori classof algorithmsin datamining and Shaplg value compu-
tation in co-operatie gametheory[17]. It is importantto note
thatno theoreticaklaim is beingmaderegardingthe optimality of
dynamicM . The beliefis thatsuchanef cient algorithmwill work
well in practice astheempiricalevidencein Section5 suggests.

Algorithm 1 dynamicM

Input: Row vector[x]; ¢, distancdunctiond, activity matrix[Alx 4, initial
guesgme]s k
Output: Booleanmembershipvector [m]; ¢ that gives a low value for
d(x;mA)
Method:
Initialize assignmentector[m],  to all zeros
f Separatesearctthreadfor eachinitial clusterturned‘on'g
forh= 1tokdo
Turn“on” only theh-th clusteri.e.,setm(h) = 1;m(i) = 0,if i 6 h
Settheh-th threadty, to be "active'
Computeobjectie function™ = d(x; mA)
f Runoverall possiblesizes(> 1) of clustersurned‘on”g
forr= 2tokdo
if threadty, is still “active' then
Set‘ﬁ'd ="y
Fromtherest(k r+ 1) clusters,nd bestclusterto turn“on”
if bestclusterto turn“on” is p then
Turn“on” the p-th clusteri.e.,m(p) = 1
Computeobjective function™y,  d(x;mA)
if 4 “pthen
Set'p = \ﬁld
Setthe h-th threadt, to be “inactive’
Setm = mg, ~ = d(x; mpA)
Find thebestm overall threadsusing h;h= 1;:::;k
If bestm over threadss worsethanmg, setm = mg
Output[m]y

The algorithmdynamicM startswith 1 clusterturned“on” and
greedilylooks for the next bestclusterto turn “on” soasto min-
imize the lossfunction. If sucha clusteris found, thenit has?2
clustersturned“on”. Then,it repeatghe processwith the 2 clus-
tersturned‘on”. In generaljf h clustersareturned‘on”, dynamicM
considerdurning eachoneof theremaining(k h) clusters‘on”,
oneatatime, andcomputedosscorrespondingo the membership
vectorwith (h+ 1) clustersturned“on”. If, atary stage,turning
“on” eachoneof theremaining(k h) clustersincreaseshe loss
function, the searchprocesds terminated.Otherwiseit picksthe
best(h+ 1)t clusterto turn “on”, and repeatsthe searchfor the
next bestontheremaining(k h 1) clusters.

Sucha procedurewill of coursedependon the orderin which
clustersareconsideredo beturned“on”. In particular the choice
of the rst clusterto be turned“on” will partly determinewhich
otherclusterswill getturned‘on”. Thepermutatiordependengcof
the problemis somevhat similar in avor to that of pay-of com-
putationin a co-operatie game. If h playersare alreadyin co-
operationthevalue-adcf the (h+ 1)1 partnemwill depencbnthe
permutationfollowing which the rst h werechosen.In orderto
designa fair pay-of stratgy, onecomputeghe averagevalue-add
of aplayer betterknonvn asShaplg value,over all permutation®f
forming co-operation$17].

Then,in theory dynamicM shouldconsiderachall possibleper
mutations keepturning clusters‘on” following eachpermutation
to gure outthelowestlossachieved alongthat particularpermu-
tation,and nally computethe bestmembershiprectoramongall
permutations. Clearly suchan approachwould be infeasiblein

practice.Instead dynamicM startswith k threadspnecorrespond-
ing to eachoneof thek clusterdurned‘on”. Then,in eachthreadijt
performsthesearctoutlinedabove for addingthenext “on” cluster
till nosuchclustersarefound,or all of themhave beenturned“on”.
The searchis similar in avor to the Apriori algorithms,or, dy-
namicprogrammingalgorithmsin general wherean optimal sub-
structurepropertyis assumedo hold sothatthe searcHor the best
membershipvector with (h+ 1) clustersturned“on” startsfrom
thatwith h clustersturned“on”. Effectively, dynamicM searches
over k permutationsgachstartingwith a different clusterturned
“on”. Theotherentriesof thepermutatiorareobtainedgreedilyon
the y . SincedynamicM runsk threadgo achie/e partial permuta-
tion independencehebestmembershiwectorover all thethreads
is selectedchttheend. The algorithmhasaworstcaserunningtime
of O(k3) andis capableof runningwith ary distanceunction.

4.3 Updating A
We now focuson updatingthe activity matrix A. Sincethereare
no restrictionson A as such,the updatestepis simplerthan that
for M. Notethatthe only constraintthat suchan updateneedsto
satisfyis that MA staysin thedomainof f. We give exactupdates
for particularchoicesof Bregmandivergencesthesquaredossand
thel-divergence sincewe useonly thesein section5.

In caseof the squardoss,sincethedomainof f is , theprob-
lemmina kX MAK? isjustthestandardeastsquaregproblemthat
canbeexactlysolvedby A= MTX, whereMT is thepseudo-imerse
of M, andis equalto (MTM) IMT in caseM™M is invertible. In
caseof I-divergenceor un-normalizedelative entrogy, the problem

i MA) = min & X log ’ o
mAln di (X;MA) = mAm% X”IOg(MA)i,- Xij+ (MA)ij ; (3)
hasbeenrstudiedasanon-ngative matrixfactorizatiortechniqud19].
Theoptimalupdatefor A for givenX; M multiplicative andis given
by . .
ai M =(MA)/
aj Mih

An= A @)

In orderto preventadivisionby 0, it makessenseo usemax(MA) |J ;€)
and max§; Mih;e) as the denominatordor somesmall constant
e> 0. With the above updatesthe respectre loss functionsare
provably non-increasingIn the caseof a generalBregmandiver-
gence the updatestepsneednot necessarilype assimpleandwill
beinvestigatedasa futurework.

5. EXPERIMENTS

Thissectiondescribeshedetailsof our experimentgshatdemon-
stratethe superiorperformanceof MOC on real-world datasets,
comparedo thethresholdednixture model.

5.1 Methodology

We run experimentson threetypesof datasets:syntheticdata,
movie recommendatiomata, and text documents. For the high-
dimensionamovie andtext data,we createsubsetgrom the origi-
nal datasetswhich have the characteristicef having asmallnum-
berof pointscomparedo thedimensionalityof thespace Thepur-
poseof performingexperimentson thesesubsetss to scaledovn
the sizesof the datasetdor computationateasonsut at the same
time not scaledown the dif culty of the tasks,sinceclusteringa
smallnumberof pointsin a high-dimensionaspaces a compara-
tively dif cult task.

Syntheticdata: In [23], apartfrom demonstratingheirapproach
ongenemicroarraydataandevaluatingon standardiology databases,



Sqyal et al. alsoshaved resultson microarray-lile syntheticdata
with a cleargroundtruth sincethe biology databasearegenerally
believed to be lacking in coverage. The syntheticdatawas gen-
eratedby samplingpointsfrom the overlappingclusteringmodel
andsubsequentlpddingnoise.We useda similar techniqueo cre-
atethreesyntheticdatasetsf differentsizes:(1) small-synthetica
datasetwith n= 75,d = 30 andk = 10; (2) medium-synthetica
datasetvith n= 200,d = 50 andk = 30; and(3) large-synthetic
a datasetwith n= 1000,d = 150 andk = 30. For the synthetic
datasetsve usedsquaredeuclideandistanceasthe clusterdistor

tion measuren the overlappingclusteringalgorithm, since Gaus-
siandensitiesvereusedto generatehe noise-freedatasets.

Movie Recommendationdata; The EachMwie! datasehass-
pointuserratingsfor the 74,424moviesin the collection. The cor
respondingnovie genreinformationis extractedfrom the Internet
Movie DatabasdIMDB)?2 collection. If eachgenreis considered
asaseparateateyory or cluster thenthis datasetlsohasnaturally
overlappingclusterssincemary moviesareannotatedn IMDB as
belongingto multiple genrese.g.,Aliens belongsto 3 genrecat-
egories: action, horror and science ction. We created?2 subsets
from the EachMwie dataset(1) movie-taa 300 moviesfrom the
3 genres- thriller, actionand adventure;and (2) movie-afc 300
movies from the 3 genres— animation,family, and comedy We
clusteredthe movies basedon the userrecommendationt redis-
covergenrespasednthebeliefthatsimilarity in recommendation
pro les of movies gives an indication aboutwhetherthey arein
relatedgenres.For this domainwe usel-divergencewith Laplace
smoothingasthe clusterdistortionmeasure.

Text data: Experimentaverealsorun on 3 text datasetslerived
from the 20-Nevsgioupscollectior?, which has20,000documents
from 20 Usenenewnsgroups We processetheoriginal nevsgroup
articlesto recorer the multiple newvsgrouplabelson eachmessage
posting. From the full dataseta subsetwas createdhaving 100
postingsin eachof the 20 newsgroups from which the following
threedatasubsetsvere createdwith varying levels of overlapin
the topics: (1) news-similar3; (2) news-related-3 and (3) news-
different-3 Detailsof thesedatasetsreoutlinedin [3]. Thevector
spacemodel of eachdatasubsetwas createdusing standardext
pre-processingnethodg13], andeachdatasubsehas300pointsin
high-dimensionaspace> 1000words).In this case]-divergence
wasagain usedasthe Bregmandivergencefor overlappingcluster
ing, with suitableLaplacesmoothing.

We usedan experimentalmethodologysimilar to the one used
to demonstrat¢he effectiveneswf the SBK model[23]. For each
datasetweinitializedtheoverlappingclusteringoy runningk-means
clustering,wherethe additive inverseof the correspondinddreg-
mandivergencewasusedasthe similarity measureandthenumber
of clusterswassetby the numberof underlyingcateyoriesin the
datasetTheresultingclusteringwasusedto initialize our overlap-
ping clusteringalgorithm.

To evaluatetheclusteringresults precisionyecall,andF-measure
were calculatedover pairs of points. For eachpair of pointsthat
shareatleastoneclusterin theoverlappingclusteringresults these
measuresry to estimatewhetherthe predictionof this pair asbe-
ing in the sameclusterwascorrectwith respecto the underlying
true cateyoriesin thedata.Precisionis calculatedasthefractionof
pairscorrectlyputin thesamecluster recallis thefractionof actual
pairsthatwereidenti ed, andF-measureas the harmonicmeanof
precisionandrecall.

Lhttp://research.compaq.com/SRC/eactimo
Zhttp://wwwimdhcom
Shitp://www.ai.mit.edu/people/jrennie/20Msgroups

5.2 Results

Tablel presentsheresultsof MOC versusthe standardnixture
modelfor the datasetslescribedn Section5.1. Eachreportedre-
sult is an averageover ten trials. For the syntheticdatasets,we
comparecour approacho thresholdedGaussiamixture models;
for the text and movie datasets,the baselineswere thresholded
multinomial mixture models. Table 1 shows thatfor all domains,
eventhoughthethresholdednixture modelhasslightly betterpre-
cision in most cases,it hassigni cantly worserecall: therefore
MOC consistentlyoutperformsthe thresholdedmixture modelin
termsof overall F-measureby a large magin in mostcases.Ta-
ble 1 alsoshaws that the performanceof MOC improves empiri-
cally asthe ratio of the datasetsizeto the numberof processes
increases.

Table2 compareghe performancef usingthe dynamicM algo-
rithm versusthe boundedeastsquareqBLS) algorithmfollowed
by local searchin theM estimationstepin MOC. BLS/searctgets
betterresultson precisionwhichis expectedsinceBLS is the opti-
mal solutionfor therealrelaxationof theM estimatiorproblemfor
the Gaussiaimodel. However dynamicM outperformsBLS/search
on the overall F-measure.Moreover, BLS is only applicablefor
squarecEuclideandistancewhereaglynamicM canbe appliedfor
M estimatiorwith ary distancefunction.

Detailedinspectionof the resultsrevealedthat MOC getsover
lappingclusteringsthatarecloserto the groundtruthsfor the text
andthe movie data. For example,for movie-afg the averagenum-
berof clustersamovie is assignedois 1.19,whereasMOC cluster
ing hasanaverageof 1.13clustergpermovie. Thethresholdednix-
ture modelgot posteriorprobability valuesvery closeto O or 1, as
is very commonin mixture modelestimationfor high-dimensional
data: as a resulttherewas almostno clusteroverlap for various
choicesof the thresholdvalue, and points were assignedo 1.00
clusterson an averagein the thresholdedmixture models. MOC
wasalsoableto recover the correctunderlyingmultiple genresin
mary casesg.g.,the movie “Toy Story” in the movie-afc dataset
belongsto all thethreegenresof animation family andcomedyin
this datasetandMOC correctlyputit in all 3 clusters.

The main purposeof the experimentsin this sectionis to illus-
trate that the overlappingclusteringmodel can be generalizedo
work for exponentialmodelsbeyond GaussiansWe have not pro-
vided resultson the biological datasetsn this sectionduelack of
space.However, notethatif we run our algorithmon the biologi-
cal datausingBLS/searchanda Gaussiaimodel,thenwe will get
exactly the sameresultsasthe SBK model[23].

6. RELATED WORK

Possibilitytheory developedin the fuzzy logic community al-
lows an objectto “belong” to multiple setsin the senseof having
high membershipvaluesto more thanone set[5]. In particular
unlike probabilities,the sumof membershipraluesmay be more
thanone[22]. One of the earlier works on overlappingcluster
ing techniqueswith the possibility of not clusteringall pointswas
presentedn [20]. Most recentwork in overlappingclusteringhas
beenprimarily drivenby the needsof microarrayanalysis.Several
methodsfor obtainingoverlappinggeneclusters,including gene
shaving [16] and meansquareresiduebi-clustering[8] have been
proposedBeforethe PRM basedSBK modelwasproposedpneof
the mostnotableefforts wasthe the plaid model[18], whereinthe
gene-gpressionmatrix wasmodeledasa superpositiorof several
layersof plaids(subset®f genesandconditions).

Bregmandivergencesvereconceved andhave beenextensvely
studiedin the convex optimizationcommunity[7]. Over the past
few years,they have beensuccessfullyappliedto a variety of ma-



F-measure Precision Recall

Data MOC Mixture MOC Mixture MOC Mixture

small-synthetic 0.64 0.12] 0.36 0.08| 0.83 0.07| 0.80 0.07| 053 0.14| 0.24 0.07
medium-synthetic 0.71 0.06 | 0.24 0.01| 0.73 0.05| 0.60 0.03| 0.70 0.09| 0.15 0.01
large-synthetic 0.87 0.04|0.33 0.01]|0.8 0.06|0.87 0.04|0.89 0.05|0.20 0.01
movie-taa 0.62 0.03| 050 0.04|{055 0.01|056 0.01|0.71 0.07| 0.46 0.08
movie-afc 0.76 0.03|0.61 0.07{0.80 0.01|0.81 0.02|0.72 0.06| 0.50 0.09
news-different-3 | 0.45 0.01| 0.41 0.05|0.34 0.01| 040 0.05|0.68 0.05|0.41 0.06
news-related-3 0.54 0.02|0.39 0.02]|0.42 0.01|0.44 0.02|0.76 0.08|0.35 0.01
news-similar3 0.35 0.02|0.28 0.01{0.23 0.01]{0.24 0.01|0.69 0.06|0.34 0.01

Table 1: Comparison of resultsof MOC and thr esholdedmixtur e modelson all datasets

F-measure Precision Recall
Data dynamicM  BLS/search| dynamicM BLS/search| dynamicM BLS/search
small-synthetic | 0.64 0.12| 0.55 0.20| 0.83 0.07| 0.98 0.03| 0.52 0.14| 0.41 0.19
medium-synthetic 0.71 0.06 | 0.65 0.05| 0.73 0.05|0.91 0.06 | 0.70 0.09 | 0.51 0.06
large-synthetic 0.87 0.04|0.87 0.02]|0.85 0.06]0.92 0.02|0.89 0.05|0.83 0.04

Table 2: Results: dynamicM vs BoundedLeast Squares(with search) for synthetic data

chine learningissues,for exampleto unify seeminglydisparate

conceptf boostingand logistic regression11]. More recently
they have beenstudiedin the context of clustering[2].

Ourformulationhassomesimilaritiesto generalizedinearmod-
els(GLMs) [21, 10]. However, thereareafew very importantdif-
ferences.In GLMs [21], a multidimensionalregressionproblem
of the form d (Y; f(B2)) is solved whereZ is the (known) input
variable,Y is the (known) responsend f is the so-calledcanon-
ical link function derived from f. The problemis to nd B and
canbesolvedusingiteratively re-weightedeastsquaregIRLS) in
the generalcase. Extensionto the casewhereboth B and Z are
unknavn and one alternatedbetweenupdatingB and Z hasbeen
studiedby Collins etal. [10] while extendingPCA to the exponen-
tial families. Although several extensiong15] of the basicGLM
modelto matrixfactorizatiorhave beenstudied exceptfor thewell
known instanceof non-n@ative matrix factorization(NMF) using
I-divergence[19], all formulationsusethe canonicalink function
andhencearedifferentour formulation.Moreover, our modelcon-
straintsM to be a binary matrix, which is never a standardcon-
straintin GLMs.

7. CONCLUSIONS

In contrasto traditionalpartitionalclustering,overlappingclus-
tering allows itemsto belongto multiple clusters. In severalim-
portantapplicationsn bioinformatics text managemengndother
areas overlappingclusteringprovides a more naturalway to dis-
cover interestingand usefulclassesn data. This paperhasintro-
duceda broadgeneratie modelfor overlappingclustering,MOC,
basedon generalizingthe SBK model presentedn [23]. It has
alsoprovidedagenericalternatingminimizationalgorithmfor ef -
ciently andeffectively tting this modelto empiricaldata.Finally,
we have presentedxperimentalresultson both arti cial dataand
real newsgroupand movie data,which is moregeneralandeffec-
tive thanan alternatve “naive” methodbasedon thresholdingthe
resultsof atraditionalmixture model.

A few issuegegardingpracticalapplicabilityof MOC needdur-
therinvestigation. It maybeoften desirableto usedifferentexpo-
nentialfamily modelsfor differentsubset®f featuresMOC allows
suchmodelingin theory aslong asthetotal divergencels a convex
combinationof theindividual ones.Further MOC canpotentially
bene t from semi-supervisiori3] aswell asbe extendedto a co-
clusteringframework [1].
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