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ABSTRACT
While the vast majority of clusteringalgorithmsare partitional,
many realworld datasetshaveinherentlyoverlappingclusters.Sev-
eral approachesto �nding overlappingclustershave comefrom
work on analysisof biological datasets.In this paper, we inter-
pretanoverlappingclusteringmodelproposedby Segal et al. [23]
asa generalizationof Gaussianmixture models,andwe extendit
to anoverlappingclusteringmodelbasedon mixturesof any regu-
lar exponentialfamily distributionandthecorrespondingBregman
divergence.We provide thenecessaryalgorithmmodi�cations for
this extension,andpresentresultson syntheticdataaswell assub-
setsof 20-NewsgroupsandEachMovie datasets.

Categoriesand SubjectDescriptors
H.2.8[DatabaseManagement]: DatabaseApplications- DataMin-
ing; I.2.6 [Arti�cial Intelligence]: Learning

GeneralTerms
Algorithms

Keywords
Overlappingclustering,exponentialmodel,Bregmandivergences,
high-dimensionalclustering,graphicalmodel.

1. INTRODUCTION
Most clusteringmethodspartitionthedatainto non-overlapping

regions,whereeachpoint belongsto only onecluster. In a variety
of importantapplications,though,overlappingclustering, wherein
someitems are allowed to be membersof two or more discov-
eredclusters,is moreappropriate.For example,in biology, genes
often simultaneouslyparticipatein multiple processes;therefore,
whenclusteringmicro-arraygeneexpressiondata,it is appropri-
ateto assigngenesto multiple, overlappingclusters[23, 4]. Simi-
larly, whenclusteringdocumentsinto topic categories,documents
may containmultiple relevant topics and an overlappingcluster-
ing mightbemorerelevant[22]. In the20-Newsgroupsbenchmark
dataset,articleswith multiple topicsarecrosspostedto multiple
newsgroups. Ideally, a clusteringalgorithm applied to this data
would allow articles to be assignedto multiple topic labelsand
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would rediscover the original cross-postedarticles. In the Each-
Moviedatasetusedto testrecommendersystems,many moviesbe-
long to morethanonegenre,suchas“Aliens”, which is listed in
theaction,horrorandscience�ction genres.An overlappingclus-
teringalgorithmappliedto this datashouldautomaticallydiscover
suchmulti-genremovies.

In this paper, we generalizean approachto overlappingclus-
tering introducedby Segal et al. [23], hereafterreferredto asthe
SBK model.Theoriginalmethodwaspresentedasaspecialization
of a ProbabilisticRelationalModel (PRM) [14] andwasspeci�-
cally designedfor clusteringgeneexpressiondata. We presentan
alternative view of theirbasicapproachasageneralizationof stan-
dardmixture models. While the original modelmaximizedlike-
lihood over constantvarianceGaussians,we generalizeit to work
with any regular exponentialfamily distribution, andcorrespond-
ing Bregmandivergences,therebymaking the model applicable
for a wide variety of clusteringdistancefunctions[2]. This gen-
eralizationis critical to theeffective applicationof theapproachto
high-dimensionalsparsedata,suchastypically thoseencountered
in text mining andrecommendersystems,whereGaussianmodels
andEuclideandistanceareknown to performpoorly. Further, we
proposeanovel algorithmdynamicM thatassignsinstancesto mul-
tiple clustersfor thegeneralmodel.We alsooutlineanalternating
minimizationalgorithmthatmonotonicallyimprovestheobjective
functionfor overlappingmodelsfor any regularexponentialfamily
distribution.

In order to demonstratethe generalityandeffectivenessof our
approach,we presentexperimentsin which we producedandeval-
uatedoverlappingclusteringsfor subsetsof the20-Newsgroupsand
EachMoviedatasetsmentionedabove. An alternative “straw man”
algorithmfor overlappingclusteringis to produceastandardproba-
bilistic “soft” clusteringby mixturemodelingandthenmakeahard
assignmentof eachitem to one or more clustersusing a thresh-
old on the clustermembershipprobability. The ability of thresh-
oldedsoft clusteringto producegoodoverlappingclusteringsis an
openquestion.Consequently, we experimentallycompareour ap-
proachto anappropriatethresholdedsoft clusteringandshow that
theproposedoverlappingclusteringmodelproducesgroupingsthat
aremoresimilar to the original overlappingcategoriesin the 20-
NewsgroupsandEachMovie data.

A brief word on notation: uppercaseletterssuchas X signify
a matrix, whoseith row vector is representedas Xi , jth column
vectoris representedasX j , andwhoseentryin row i andcolumn j
is representedasX j

i aswell asXi j .

2. BACKGROUND
In this section,we give a brief introductionto the PRM-based



SBK model. ProbabilisticRelationalModels(PRMs)[14] extend
thebasicconceptsof Bayesiannetworksinto a framework for rep-
resentingand reasoningwith probabilistic relationshipsbetween
entitiesin a relationalstructure. The SBK model is an instantia-
tion of a PRM for capturingtherelationshipsbetweengenes,pro-
cesses,andmeasuredexpressionvalueson DNA microarrays.The
structureof theinstantiatedmodelsuccinctlycapturestheunderly-
ing biologicalunderstandingof themechanismgeneratingtheob-
servedmicroarrayvalues— namely, thatgenesparticipatein pro-
cesses,experimentalconditionscausethe invocationof processes
atvaryinglevels,andtheobservedexpressionvaluein any particu-
lar microarrayspotis dueto thecombinedcontributionsof several
differentprocesses.The SBK modelplacesno constraintson the
numberof processesin whichany genemightparticipate,andthus
genemembershipin multiple processes,i.e., overlappingcluster-
ing, naturallyfollows.

The SBK model works with threematrices: the observed real
expressionmatrixX (genes� experiments), ahiddenbinarymem-
bershipmatrix M (genes� processes)containingthemembership
of eachgenein eachprocess,anda hiddenreal activity matrix A
(processes� conditions)containingthe activity of eachprocess
for eachexperimentalcondition.TheSBK modelingassumesthat
the expressionvalueX j

i correspondingto genei in experiment j
hasa Gaussiandistribution with constantvariance. The meanof
the distribution is equal to the sum of the activity levels A j

h of

theprocessesh in which genei participatessothat p(X j
i jMi ;A) =

1p
2ps

exp(� 1
2s2 (X j

i � MiA j )2). The SBK model further assumes

that M and A are independentso that p(M;A) = p(M)p(A) and
thatX j

i 's areconditionallyindependentgivenMi andA j . M andA
areassumedto be component-wiseindependentaswell. Assum-
ing that elementsof A areuniformly distributed,consideringthe
log-likelihoodof thejoint distribution,wehave

max
M;A

logp(X;M;A) � min
M;A

�
1

2s2 kX � MAk2 � logp(M)
�

:

To �nd thevalueof thehiddenvariablesM andA, theSBK model
usesan EM approach[12]. The E stepinvolves �nding the best
estimatesof thebinarygenes-processmembershipsM. TheM step
involves computingthe prior probability of genemembershipin
eachprocessp(M) andtheprocess-conditionactivationsA.

Thecoreparameterestimationproblemis mucheasierto under-
standif we recastit asa matrix decompositionproblem,initially
ignoring the priors. With the knowledgethat therearek relevant
processesin the observations, we want to �nd a decomposition
of the observed expressionmatrix X 2

� n� d into a binary mem-
bershipmatrix M 2 f 0;1gn� k anda real valuedactivation matrix
A 2

� k� d suchthatjjX � MAjj2 is minimized.Hence,theproblem
is oneof matrix factorization,andthedif�culty arisesfrom thefact
thatM is abinarymatrix.

3. THE MODEL
In this section,we �rst outlinea simplisticway of gettingover-

lapsfrom soft-clusteringbasedon mixturemodels.Then,we pro-
poseour modelfor overlappingclustering,hereafterreferredto as
MOC, asageneralizationof theSBK model.

3.1 OverlappingClusteringwith Mixtur eModel
Given a set of n datapoints f Xign

i= 1 in
� d, representedby a

n � d matrix X, �tting a mixture model to X is equivalent to as-
sumingthateachdatapointXi is drawn independentlyfrom aprob-
ability densityp(Xi jQ) = å k

h= 1 ahph(Xi jqh), whereQ = f qhgk
h= 1,

k is thenumberof mixturecomponents,ph is theprobabilityden-
sity functionof thehth mixturecomponentwith parametersqh, and

ah are the componentmixing coef�cients suchthat ah � 0 and
å k

h= 1 ah = 1. In mixture model estimation,eachpoint Xi is as-
sumedto begeneratedfrom only oneunderlyingmixturecompo-
nent. Let Z be a n� k booleanmatrix suchthat Zi j is 1 if the j th

componentdensitywasselectedto generateXi , and0 otherwise.
Let zi beahiddenrandomvariablecorrespondingto theindex of the
1 in eachrow Zi : every zi is thereforea multinomial randomvari-
able,sinceit cantakeoneof k discretevalues.SincetheZ matrix is
unknown, theoptimumparametersQ of themixturemodelcanbe
obtainedusingthewell-known iterative ExpectationMaximization
(EM) algorithm[12]. The probability value p(zi = hjXi ;Q) after
convergenceof theEM algorithmgivestheprobabilityof thepoint
Xi beinggeneratedfrom the hth mixture component.Using these
probabilities,mixture modelsare often usedto generatea parti-
tional clusteringof thedata,wherethepointsestimatedto bemost
probablygeneratedfrom thehth mixturemodelcomponentarecon-
sideredto constitutethehth partition.

In orderto usethemixturemodelto getoverlappingclustering,
whereapointcandeterministicallybelongto multipleclusters,one
canchoosea thresholdvaluel suchthatXi belongsto thehth par-
tition if p(zi = hjXi ;Q) > l . Sucha thresholdingtechniquecan
enableXi to belongto multiple clusters. However, thereare two
problemswith thismethod.Oneis thatthechoiceof theparameter
l , which is dif�cult to learngivenonly X. Secondly, this is not a
naturalgenerativemodelfor overlappingclustering.In themixture
model,theunderlyingmodelassumptionis thatapoint is generated
fromonlyonemixturecomponent,andp(zi = hjXi ;Q) simplygives
theprobabilityof Xi beinggeneratedfrom thehth mixturecompo-
nent. However, an overlappingclusteringmodelshouldgenerate
Xi by simultaneouslyactivatingmultiple mixturecomponents.We
describeonesuchmodelin thenext section.

3.2 ProposedOverlapping Clustering Model
Theoverlappingclusteringmodelthatwepresenthereis agener-

alizationof theSBK modeldescribedin Section2. TheSBK model
minimizesthesquaredlossbetweenX andMA, andtheirproposed
algorithmsis not applicablefor estimatingthe optimal M and A
correspondingto otherlossfunctions. In MOC, we generalizethe
SBK modelto work with abroadclassof probabilitydistributions,
insteadof just Gaussians,andproposean alternateminimization
algorithmfor thegeneralmodel.

The most importantdifferencebetweenMOC and the mixture
modelis thatwe remove themultinomialconstrainton thematrix
Z, so that it can now be an arbitrary booleanmatrix. To distin-
guishfrom theconstrainedmatrix Z, we denotethis unconstrained
booleanmatrix asthemembershipmatrix M. Every point Xi now
hasacorrespondingk-dimensionalbooleanmembershipvectorMi :
thehth componentMh

i of thismembershipvectoris aBernoulli ran-
domvariableindicatingwhetherXi belongsto thehth cluster. So,
amembershipvectorMi with multiple1'sdirectlyencodesthefact
thatthepointXi belongsto multipleclusters.

Let us now considerthe probability of generatingthe observed
datapointsin MOC.A is theactivity matrixof thismodel,whereA j

h
representstheactivity of clusterh while generatingthe j th feature
of thedata.Theprobabilityof generatingall thedatapointsis

p(XjQ) = p(XjM;A) = Õ
i; j

p(X j
i jMi ;A j ) (1)

whereQ = f M;Ag aretheparametersof p, andX j
i 'sarecondition-

ally independentgiven Mi andA j . In MOC, we assumep to be
thedensityfunctionof any regularexponentialfamily distribution,
andalsoassumethat the expectationparametercorrespondingto
Xi is of the form MiA, so thatE[Xi ] = MiA. In otherwords,using



vectornotation,we assumethat eachXi is generatedfrom an ex-
ponentialfamily densitywhosemeanMiA is determinedby taking
thesumof theactivity levelsof thecomponentsthatcontribute to
thegenerationof Xi , i.e.,Mh

i is 1 for theactive components.
Using theabove assumptionsandthebijectionbetweenregular

exponentialdistributionsandregularBregmandivergences[2], the
conditionaldensitycanberepresentedas:

p(X j
i jMi ;A j ) µ expf� df (X j

i ;MiA j )g (2)

wheredf is the Bregmandivergencecorrespondingto the chosen
exponentialdensityp. For example,if p is thePoissondensity, df
is the I-divergence;if p is theGaussiandensity, df is thesquared
Euclideandistance[2].

Similarto theSBK model,theoverlappingclusteringmodeltries
to optimizethefollowing joint distributionof X, M andA:

p(X;M;A) = p(M;A)p(XjM;A) = p(M)p(A)p(XjM;A)

=

 

Õ
i;h

p(Mh
i )

!  

Õ
h; j

p(A j
h)

!  

Õ
i; j

p(X j
i jMi ;A j )

!

:

Making similar model assumptionsas in Section2, we assume
that M andA are independentof eachotherapriori andA is dis-
tributeduniformly over a suf�ciently large compactset,implying
that p(M;A) = p(M)p(A) µ p(M). Then, maximizing the log-
likelihoodof thejoint distributiongives

max
M;A

logp(X;M;A) � max
M;A

"

å
i;h

logp(Mh
i ) � å

i; j
df (X j

i ;MiA j )

#

� min
M;A

"

å
i; j

df (Xi j ; (MA) i j ) � å
i;h

loga ih

#

:

wherea ih = p(Mh
i ) is the (Bernoulli) prior probability of the i-th

pointhaving amembershipMih to theh-th cluster.

4. ALGORITHMS AND ANALYSIS
In thissection,weproposeandanalyzealgorithmsfor estimating

theoverlappingclusteringmodelgivenanobservationmatrixX. In
particular, from a givenobservationmatrix X, we wantto estimate
thepriormatrixa, themembershipmatrixM andtheactivity matrix
A soasto maximizep(M;A;X), thejoint distribution of (X;M;A).
Thekey ideabehindtheestimationis analternatingminimization
techniquethatalternatesbetweenupdatinga, M andA.

4.1 Updating a
The prior matrix a canbe directly calculatedfrom the current

estimateof M. If ph denotestheprior probabilityof any point be-
longing to clusterh, then,for a particularpoint i, we have a ih =

pMh
i

h (1� ph)1� Mh
i . Sinceph is theprobabilityof aBernoullirandom

variable,andthe Bernoulli distribution is a memberof the expo-
nentialfamily, themaximumlikelihoodestimateis just thesample
meanof thesuf�cient statistic[2]. Sincethesuf�cient statisticfor
Bernoulli is just theindicatorof theevent,themaximumlikelihood
estimateof theprior ph of clusterh is justph = 1

n å i
�

f Mh
i = 1g. Thus,

onecancomputetheprior matrixa usingtheseupdateequations.

4.2 Updating M
In themainalternatingminimizationtechnique,for agivenX;A,

theupdatefor M hasto minimize

å
i; j

df (Xi j ; (MA) i j ) :

SinceM is abinarymatrix,this is integeroptimizationproblemand
thereis no known polynomialtime algorithmto exactly solve the
problem.Theexplicit enumerationmethodinvolvesevaluatingall
2k possibilitiesfor every datapoint, which canbe prohibitive for
evenmoderatevaluesof k. So,we investigatesimpletechniquesof
updatingM sothatthelossfunctionis minimized.

Therecanbe two waysof comingup with analgorithmfor up-
dating M. The �rst one is to considera real relaxationof the
problemandallow M to take real valuesin [0;1]. For particular
choicesof theBregmandivergence,speci�c algorithmscanbede-
visedto solvetherealrelaxedversionof theproblem.For example,
whentheBregmandivergenceis thesquaredloss,thecorrespond-
ing problemis just theboundedleastsquares(BLS) problemgiven
by min

M:0� Mih� 1
kX � MAk2, for which therearewell studiedalgo-

rithms[6]. Now, from therealboundedmatrix M, onecanget the
clustermembershipby roundingMih valueseitherbyproperthresh-
olding [23] or randomizedrounding.If k0 clustersgetturned“on”
for a particulardatapoint, theSBK modelperformsanexplicit 2k0

searchoverthe“on” clustersin ordergetimprovedresults.Another
alternative could be to keepM in its real relaxed versiontill the
overall alternatingminimizationmethodhasconverged,andround
it at thevery end.Theupdateequationof thepriorsph anda ih has
to beappropriatelychangedin thiscase.

Althoughthereal relaxationapproachseemssimpleenoughfor
thesquaredlosscase,it is notnecessarilysofor all Bregmandiver-
gences.In thegeneralcase,onemayhave to solve anoptimization
problem(not necessarilyconvex) with inequalityconstraints,be-
fore applyingtheheuristicsoutlinedabove. In orderto avoid that,
weoutlineasecondapproachthatdirectly triesto solve theinteger
optimizationproblemwithoutdoingrealrelaxation.

We begin by makingtwo observationsregardingtheproblemof
estimatingM: (1) In a realisticsetting,a datapoint is morelikely
to be in very few clustersratherthanmostof them; and (2) For
eachdatapoint i, estimatingMi is avariantof thesubsetsumprob-
lem that usesa Bregmandivergenceto measureloss. Taking the
�rst observationastepfurther, for adomainif it is well understood
(or desirable)that eachdatapoint canbelongto at mostk0 clus-
ters,for somek0 possiblysigni�cantly smallerthank, thenit may
be computationallyfeasibleto performan explicit searchover all

thepossibilities:
� k

1

�
+

� k
2

�
+ � � � +

� k
k0

�
�

�
ek
k0

� k0
, wherethelastin-

equalityholds if k0 � k=2. Note that for k0 = 1, the overlapping
clusteringmodelessentiallyreducesto theregularmixturemodel.
However, in general,suchabrute-forcesearchmayonly befeasible
for very smallvalueof k0. Further, it is perhapsnot easyto decide
on sucha k0 apriori for a givenproblem.So,we focuson design-
ing anef�cient way of searchingthroughtherelevantpossibilities
usingthesecondobservation.

Thesubsetsumproblemisoneof thehardknapsackproblems[9]
that tries to solve the following: Givena setof k naturalnumbers
a1; : : : ;ak and a target numberx, �nd a subsetS of the numbers
suchthatå ah2Sah = x. In a morerealisticsetting,oneworkswith
a setof real numbers,andtries to �nd a subsetsuchthat the sum
over thesubsetis theclosestpossibleto x. In ourcase,wemeasure
closenessusingaBregmandivergenceandwehavemultiple target
numbersto which we wantthesumto beclose.In particular, then
theproblemis to �nd M�

i suchthat

M�
i = argmin

Mi2f 0;1gk
df (Xi ;MiA) = argmin

Mi2f 0;1gk

m

å
j= 1

df (Xi j ;
k

å
h= 1

Mh
i A j

h) :

Thus,therearem target numbersXi1; : : : ;Xim, andfor eachtarget
numberXi j the subsetis to be chosenfrom A1

j ; : : : ;A
k
j . The total

lossis thesumof theindividual losses,andtheproblemis to �nd a
singleMi thatminimizesthetotal loss.



Using the inherentbiasof naturaloverlappingproblemsto put
eachpoint in low numberof clusters,and the similarities of our
formulationto thesubsetsumproblem,we proposethealgorithm
dynamicM (Algorithm 1). Thealgorithmis motivatedby theApri-
ori classof algorithmsin datamining andShapley valuecompu-
tation in co-operative gametheory [17]. It is important to note
thatno theoreticalclaim is beingmaderegardingtheoptimality of
dynamicM . Thebelief is thatsuchanef�cient algorithmwill work
well in practice,astheempiricalevidencein Section5 suggests.

Algorithm 1 dynamicM
Input: Row vector[x]1� d, distancefunctiond, activity matrix[A]k� d, initial

guess[m0]1� k
Output: Booleanmembershipvector [m]1� k that gives a low value for

d(x;mA)
Method:

Initialize assignmentvector[m]1� k to all zeros
f Separatesearchthreadfor eachinitial clusterturned“on' g
for h = 1 to k do

Turn “on” only theh-th cluster, i.e.,setm(h) = 1;m(i) = 0, if i 6= h
Settheh-th threadth to be`active'
Computeobjective function`h = d(x;mA)
f Runoverall possiblesizes(> 1) of clustersturned“on”g
for r = 2 to k do

if threadth is still `active' then
Set`old

h = `h
Fromtherest(k� r + 1) clusters,�nd bestclusterto turn “on”
if bestclusterto turn “on” is p then

Turn “on” the p-th cluster, i.e.,m(p) = 1
Computeobjective function`h  d(x;mA)

if `old
h � `h then
Set`h = `old

h
Settheh-th threadth to be`inactive'

Setm = m0, ` = d(x;m0A)
Find thebestm overall threadsusing`h;h = 1; : : : ;k
If bestm over threadsis worsethanm0, setm = m0
Output[m]1� k

The algorithmdynamicM startswith 1 clusterturned“on” and
greedilylooks for the next bestclusterto turn “on” so asto min-
imize the loss function. If sucha clusteris found, then it has2
clustersturned“on”. Then,it repeatstheprocesswith the2 clus-
tersturned“on”. In general,if h clustersareturned“on”, dynamicM
considersturningeachoneof theremaining(k � h) clusters“on”,
oneata time,andcomputeslosscorrespondingto themembership
vectorwith (h+ 1) clustersturned“on”. If, at any stage,turning
“on” eachoneof the remaining(k � h) clustersincreasesthe loss
function, thesearchprocessis terminated.Otherwise,it picks the
best(h+ 1)th clusterto turn “on”, andrepeatsthe searchfor the
next beston theremaining(k� h� 1) clusters.

Sucha procedurewill of coursedependon the order in which
clustersareconsideredto beturned“on”. In particular, thechoice
of the �rst clusterto be turned“on” will partly determinewhich
otherclusterswill getturned“on”. Thepermutationdependency of
the problemis somewhat similar in �a vor to that of pay-off com-
putationin a co-operative game. If h playersare alreadyin co-
operation,thevalue-addof the(h+ 1)th partnerwill dependon the
permutationfollowing which the �rst h werechosen.In order to
designa fair pay-off strategy, onecomputestheaveragevalue-add
of aplayer, betterknown asShapley value,overall permutationsof
formingco-operations[17].

Then,in theory, dynamicM shouldconsidereachall possibleper-
mutations,keepturning clusters“on” following eachpermutation
to �gure out the lowestlossachievedalongthatparticularpermu-
tation,and�nally computethebestmembershipvectoramongall
permutations. Clearly, suchan approachwould be infeasiblein

practice.Instead,dynamicM startswith k threads,onecorrespond-
ing to eachoneof thek clustersturned“on”. Then,in eachthread,it
performsthesearchoutlinedabovefor addingthenext “on” cluster,
till nosuchclustersarefound,or all of themhavebeenturned“on”.
The searchis similar in �a vor to the Apriori algorithms,or, dy-
namicprogrammingalgorithmsin general,whereanoptimalsub-
structurepropertyis assumedto holdsothatthesearchfor thebest
membershipvector with (h+ 1) clustersturned“on” startsfrom
that with h clustersturned“on”. Effectively, dynamicM searches
over k permutations,eachstartingwith a different clusterturned
“on”. Theotherentriesof thepermutationareobtainedgreedilyon
the�y . SincedynamicM runsk threadsto achieve partialpermuta-
tion independence,thebestmembershipvectoroverall thethreads
is selectedat theend.Thealgorithmhasaworstcaserunningtime
of O(k3) andis capableof runningwith any distancefunction.

4.3 Updating A
Wenow focuson updatingtheactivity matrix A. Sincethereare

no restrictionson A assuch,the updatestepis simpler than that
for M. Note that the only constraintthat suchan updateneedsto
satisfyis thatMA staysin thedomainof f . We give exactupdates
for particularchoicesof Bregmandivergences:thesquaredlossand
theI-divergence,sinceweuseonly thesein section5.

In caseof thesquareloss,sincethedomainof f is
�

, theprob-
lemminA kX � MAk2 is justthestandardleastsquaresproblemthat
canbeexactlysolvedby A= M†X, whereM† is thepseudo-inverse
of M, andis equalto (MTM)� 1MT in caseMTM is invertible. In
caseof I-divergenceor un-normalizedrelativeentropy, theproblem

min
A

dI (X;MA) = min
A

å
i; j

�
Xi j log

Xi j

(MA) i j
� Xi j + (MA) i j

�
; (3)

hasbeenstudiedasanon-negativematrixfactorizationtechnique[19].
Theoptimalupdatefor A for givenX;M multiplicativeandis given
by

A j
h = A j

h
å i M

h
i X j

i =(MA) j
i

å i Mh
i

(4)

In ordertopreventadivisionby0, it makessensetousemax((MA) j
i ;e)

and max(å i M
h
i ;e) as the denominatorsfor somesmall constant

e > 0. With the above updates,the respective loss functionsare
provably non-increasing.In the caseof a generalBregmandiver-
gence,theupdatestepsneednot necessarilybeassimpleandwill
beinvestigatedasa futurework.

5. EXPERIMENTS
Thissectiondescribesthedetailsof ourexperimentsthatdemon-

stratethe superiorperformanceof MOC on real-world datasets,
comparedto thethresholdedmixturemodel.

5.1 Methodology
We run experimentson threetypesof datasets:syntheticdata,

movie recommendationdata,and text documents.For the high-
dimensionalmovie andtext data,we createsubsetsfrom theorigi-
nal datasets,whichhave thecharacteristicsof having asmallnum-
berof pointscomparedto thedimensionalityof thespace.Thepur-
poseof performingexperimentson thesesubsetsis to scaledown
thesizesof thedatasetsfor computationalreasonsbut at thesame
time not scaledown the dif�culty of the tasks,sinceclusteringa
smallnumberof pointsin a high-dimensionalspaceis a compara-
tively dif�cult task.

Syntheticdata: In [23], apartfromdemonstratingtheirapproach
ongenemicroarraydataandevaluatingonstandardbiologydatabases,



Segal et al. alsoshowed resultson microarray-like syntheticdata
with a cleargroundtruth sincethebiology databasesaregenerally
believed to be lacking in coverage. The syntheticdatawasgen-
eratedby samplingpoints from the overlappingclusteringmodel
andsubsequentlyaddingnoise.Weusedasimilar techniqueto cre-
atethreesyntheticdatasetsof differentsizes:(1) small-synthetic: a
datasetwith n = 75, d = 30 andk = 10; (2) medium-synthetic: a
datasetwith n = 200,d = 50 andk = 30; and(3) large-synthetic:
a datasetwith n = 1000,d = 150 andk = 30. For the synthetic
datasetswe usedsquaredEuclideandistanceasthe clusterdistor-
tion measurein the overlappingclusteringalgorithm,sinceGaus-
siandensitieswereusedto generatethenoise-freedatasets.

Movie Recommendationdata: TheEachMovie1 datasethas5-
point userratingsfor the74,424moviesin thecollection.Thecor-
respondingmovie genreinformationis extractedfrom theInternet
Movie Database(IMDB)2 collection. If eachgenreis considered
asaseparatecategoryor cluster, thenthisdatasetalsohasnaturally
overlappingclusterssincemany moviesareannotatedin IMDB as
belongingto multiple genres,e.g.,Aliens belongsto 3 genrecat-
egories: action,horror andscience�ction. We created2 subsets
from theEachMovie dataset:(1) movie-taa: 300movies from the
3 genres– thriller, actionandadventure;and(2) movie-afc: 300
movies from the 3 genres– animation,family, andcomedy. We
clusteredthemoviesbasedon theuserrecommendationsto redis-
covergenres,basedonthebelief thatsimilarity in recommendation
pro�les of movies gives an indication aboutwhetherthey are in
relatedgenres.For this domainwe useI-divergencewith Laplace
smoothingastheclusterdistortionmeasure.

Text data: Experimentswerealsorun on3 text datasetsderived
from the20-Newsgroupscollection3, which has20,000documents
from 20Usenetnewsgroups.Weprocessedtheoriginalnewsgroup
articlesto recover themultiple newsgrouplabelson eachmessage
posting. From the full dataset,a subsetwas createdhaving 100
postingsin eachof the 20 newsgroups,from which the following
threedatasubsetswerecreatedwith varying levels of overlap in
the topics: (1) news-similar-3; (2) news-related-3; and(3) news-
different-3. Detailsof thesedatasetsareoutlinedin [3]. Thevector-
spacemodelof eachdatasubsetwas createdusingstandardtext
pre-processingmethods[13], andeachdatasubsethas300pointsin
high-dimensionalspace(> 1000words).In this case,I-divergence
wasagainusedastheBregmandivergencefor overlappingcluster-
ing, with suitableLaplacesmoothing.

We usedan experimentalmethodologysimilar to the oneused
to demonstratetheeffectivenessof theSBK model[23]. For each
dataset,weinitializedtheoverlappingclusteringby runningk-means
clustering,wherethe additive inverseof the correspondingBreg-
mandivergencewasusedasthesimilarity measureandthenumber
of clusterswassetby the numberof underlyingcategoriesin the
dataset.Theresultingclusteringwasusedto initialize ouroverlap-
pingclusteringalgorithm.

Toevaluatetheclusteringresults,precision,recall,andF-measure
werecalculatedover pairsof points. For eachpair of points that
shareat leastoneclusterin theoverlappingclusteringresults,these
measurestry to estimatewhetherthepredictionof this pair asbe-
ing in thesameclusterwascorrectwith respectto theunderlying
truecategoriesin thedata.Precisionis calculatedasthefractionof
pairscorrectlyput in thesamecluster, recallis thefractionof actual
pairsthatwereidenti�ed, andF-measureis theharmonicmeanof
precisionandrecall.

1http://research.compaq.com/SRC/eachmovie
2http://www.imdb.com
3http://www.ai.mit.edu/people/jrennie/20Newsgroups

5.2 Results
Table1 presentstheresultsof MOC versusthestandardmixture

modelfor thedatasetsdescribedin Section5.1. Eachreportedre-
sult is an averageover ten trials. For the syntheticdatasets,we
comparedour approachto thresholdedGaussianmixture models;
for the text and movie datasets,the baselineswere thresholded
multinomial mixture models. Table1 shows that for all domains,
eventhoughthethresholdedmixturemodelhasslightly betterpre-
cision in most cases,it hassigni�cantly worserecall: therefore
MOC consistentlyoutperformsthe thresholdedmixture model in
termsof overall F-measure,by a large margin in mostcases.Ta-
ble 1 alsoshows that the performanceof MOC improvesempiri-
cally as the ratio of the dataset size to the numberof processes
increases.

Table2 comparestheperformanceof usingthedynamicM algo-
rithm versusthe boundedleastsquares(BLS) algorithmfollowed
by localsearch,in theM estimationstepin MOC. BLS/searchgets
betterresultsonprecision,which is expectedsinceBLS is theopti-
malsolutionfor therealrelaxationof theM estimationproblemfor
theGaussianmodel. However dynamicM outperformsBLS/search
on the overall F-measure.Moreover, BLS is only applicablefor
squaredEuclideandistance,whereasdynamicM canbeappliedfor
M estimationwith any distancefunction.

Detailedinspectionof the resultsrevealedthatMOC getsover-
lappingclusteringsthatarecloserto thegroundtruthsfor the text
andthemovie data.For example,for movie-afc, theaveragenum-
berof clustersamovie is assignedto is 1.19,whereasMOC cluster-
ing hasanaverageof 1.13clusterspermovie. Thethresholdedmix-
turemodelgot posteriorprobabilityvaluesvery closeto 0 or 1, as
is very commonin mixturemodelestimationfor high-dimensional
data: as a result therewas almostno clusteroverlap for various
choicesof the thresholdvalue, and points wereassignedto 1.00
clusterson an averagein the thresholdedmixture models. MOC
wasalsoableto recover thecorrectunderlyingmultiple genresin
many cases,e.g., the movie “Toy Story” in the movie-afcdataset
belongsto all thethreegenresof animation,family andcomedyin
this dataset,andMOC correctlyput it in all 3 clusters.

The main purposeof the experimentsin this sectionis to illus-
trate that the overlappingclusteringmodel canbe generalizedto
work for exponentialmodelsbeyondGaussians.We have not pro-
vided resultson the biological datasetsin this sectionduelack of
space.However, notethat if we run our algorithmon thebiologi-
cal datausingBLS/searchanda Gaussianmodel,thenwe will get
exactly thesameresultsastheSBK model[23].

6. RELATED WORK
Possibilitytheory, developedin the fuzzy logic community, al-

lows anobjectto “belong” to multiple setsin thesenseof having
high membershipvaluesto more than one set [5]. In particular,
unlike probabilities,the sumof membershipvaluesmay be more
than one [22]. One of the earlier works on overlappingcluster-
ing techniqueswith thepossibilityof not clusteringall pointswas
presentedin [20]. Most recentwork in overlappingclusteringhas
beenprimarily drivenby theneedsof microarrayanalysis.Several
methodsfor obtainingoverlappinggeneclusters,including gene
shaving [16] andmeansquareresiduebi-clustering[8] have been
proposed.BeforethePRMbasedSBK modelwasproposed,oneof
themostnotableefforts wasthetheplaid model[18], whereinthe
gene-expressionmatrix wasmodeledasa superpositionof several
layersof plaids(subsetsof genesandconditions).

Bregmandivergenceswereconceivedandhavebeenextensively
studiedin the convex optimizationcommunity[7]. Over the past
few years,they have beensuccessfullyappliedto a varietyof ma-



F-measure Precision Recall
Data MOC Mixture MOC Mixture MOC Mixture
small-synthetic 0.64� 0.12 0.36� 0.08 0.83� 0.07 0.80� 0.07 0.53� 0.14 0.24� 0.07
medium-synthetic 0.71� 0.06 0.24� 0.01 0.73� 0.05 0.60� 0.03 0.70� 0.09 0.15� 0.01
large-synthetic 0.87� 0.04 0.33� 0.01 0.85� 0.06 0.87� 0.04 0.89� 0.05 0.20� 0.01
movie-taa 0.62� 0.03 0.50� 0.04 0.55� 0.01 0.56� 0.01 0.71� 0.07 0.46� 0.08
movie-afc 0.76� 0.03 0.61� 0.07 0.80� 0.01 0.81� 0.02 0.72� 0.06 0.50� 0.09
news-different-3 0.45� 0.01 0.41� 0.05 0.34� 0.01 0.40� 0.05 0.68� 0.05 0.41� 0.06
news-related-3 0.54� 0.02 0.39� 0.02 0.42� 0.01 0.44� 0.02 0.76� 0.08 0.35� 0.01
news-similar-3 0.35� 0.02 0.28� 0.01 0.23� 0.01 0.24� 0.01 0.69� 0.06 0.34� 0.01

Table1: Comparisonof resultsof MOC and thr esholdedmixtur e modelson all datasets

F-measure Precision Recall
Data dynamicM BLS/search dynamicM BLS/search dynamicM BLS/search
small-synthetic 0.64� 0.12 0.55� 0.20 0.83� 0.07 0.98� 0.03 0.52� 0.14 0.41� 0.19
medium-synthetic 0.71� 0.06 0.65� 0.05 0.73� 0.05 0.91� 0.06 0.70� 0.09 0.51� 0.06
large-synthetic 0.87� 0.04 0.87� 0.02 0.85� 0.06 0.92� 0.02 0.89� 0.05 0.83� 0.04

Table2: Results: dynamicM vsBoundedLeastSquares(with search) for syntheticdata

chine learning issues,for example to unify seeminglydisparate
conceptsof boostingandlogistic regression[11]. More recently,
they havebeenstudiedin thecontext of clustering[2].

Ourformulationhassomesimilaritiesto generalizedlinearmod-
els(GLMs) [21, 10]. However, therearea few very importantdif-
ferences. In GLMs [21], a multidimensionalregressionproblem
of the form df (Y; f (BZ)) is solved whereZ is the (known) input
variable,Y is the (known) responseand f is the so-calledcanon-
ical link function derived from f . The problemis to �nd B and
canbesolvedusingiteratively re-weightedleastsquares(IRLS) in
the generalcase. Extensionto the casewhereboth B and Z are
unknown andonealternatesbetweenupdatingB andZ hasbeen
studiedby Collinsetal. [10] while extendingPCAto theexponen-
tial families. Although several extensions[15] of the basicGLM
modelto matrixfactorizationhavebeenstudied,exceptfor thewell
known instanceof non-negative matrix factorization(NMF) using
I-divergence[19], all formulationsusethecanonicallink function
andhencearedifferentour formulation.Moreover, ourmodelcon-
straintsM to be a binary matrix, which is never a standardcon-
straintin GLMs.

7. CONCLUSIONS
In contrastto traditionalpartitionalclustering,overlappingclus-

tering allows itemsto belongto multiple clusters. In several im-
portantapplicationsin bioinformatics,text management,andother
areas,overlappingclusteringprovidesa morenaturalway to dis-
cover interestingandusefulclassesin data. This paperhasintro-
duceda broadgenerative modelfor overlappingclustering,MOC,
basedon generalizingthe SBK model presentedin [23]. It has
alsoprovidedagenericalternatingminimizationalgorithmfor ef�-
ciently andeffectively �tting this modelto empiricaldata.Finally,
we have presentedexperimentalresultson botharti�cial dataand
realnewsgroupandmovie data,which is moregeneralandeffec-
tive thanan alternative “naive” methodbasedon thresholdingthe
resultsof a traditionalmixturemodel.

A few issuesregardingpracticalapplicabilityof MOC needsfur-
ther investigation. It maybeoften desirableto usedifferentexpo-
nentialfamily modelsfor differentsubsetsof features.MOC allows
suchmodelingin theory, aslongasthetotaldivergenceis aconvex
combinationof the individual ones.Further, MOC canpotentially
bene�t from semi-supervision[3] aswell asbe extendedto a co-
clusteringframework [1].
Acknowledgements:The researchwassupportedin partby NSF
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[9] V. Chvátal.Hardknapsackproblems.OperationsResearch, 28(6):1402–1412,

1980.
[10] M. Collins,S.Dasgupta,andR. Schapire.A generalizationof principal

componentanalysisto theexponentialfamily. In NIPS, 2001.
[11] M. Collins,R. E. Schapire,andY. Singer. Logistic regression,AdaBoostand

Bregmandistances.In COLT, 2000.
[12] A. P. Dempster, N. M. Laird, andD. B. Rubin.Maximumlikelihoodfrom

incompletedatavia theEM algorithm.Journalof theRoyalStatisticalSociety
B, 39:1–38,1977.

[13] I. S.Dhillon andD. S.Modha.Conceptdecompositionsfor largesparsetext
datausingclustering.MachineLearning, 42:143–175,2001.

[14] N. Friedman,L. Getoor, D. Koller, andA. Pfeffer. Learningprobabilistic
relationalmodels.In IJCAI, 1999.

[15] G. Gordon.Generalized2 linear2 models.In NIPS, 2001.
[16] T. Hastie,R. Tibshirani,M. B. Eisen,A. Alizadeh,R. Levy, L. Staudt,W. C.

Chan,D. Botstein,andP. Brown. Geneshaving asamethodfor identifying
distinctsetsof geneswith similarexpressionpatterns.GenomeBiology, 2000.

[17] J.Kleinberg, C. H. Papadimitriou,andP. Raghavan.On thevalueof private
information.In Proc.8thConf. onTheoreticalAspectsof Rationalityand
Knowledge, 2001.

[18] L. LazzeroniandA. B. Owen.Plaidmodelsfor geneexpressiondata.
StatisticaSinica, 12(1):61–86,2002.

[19] D. LeeandH. S.Seung.Algorithmsfor non-negative matrix factorization.In
NIPS, 2001.

[20] W. T. McCormick,P. J.Schweitzer, andT. W. White.Problemdecomposition
anddatareorganizationby a clusteringtechnique.OperationsResearch,
20:993–1009,1972.

[21] P. McCullaghandJ.A. Nelder. GeneralizedLinearModels. Chapman&
Hall/CRC,1989.

[22] M. Sahami,M. Hearst,andE. Saund.Applying theMultiple CauseMixture
Model to Text Categorization.In ICML, 1996.

[23] E. Segal, A. Battle,andD. Koller. Decomposinggeneexpressioninto cellular
processes.In PSB, 2003.


