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Abstract— This paper presentsa technique for enhancing an
RBFN when provided with additional information in the form of
new features, without retraining or resorting to the original fea-
tures. The proposedtechniqueimprovesthe learning speedaswell
asnetwork performance ascompared to a network that is trained
from scratch. We also presenta method of reusingknowledgeem-
beddedin an RBFN for initializing another RBFN to be trained on
arelatedproblem. Both methodshave several real-life applications.

|. INTRODUCTION

In mary real life situations,additionalknowledgeor
databecomeswvailableafteramodel(suchasa classifier
or functionapproximatorhasalreadybeenlearnedcbased
on existing dataandknowledge[8], [4]. Suchnew infor-
mationcanbe in the form of [ijadditional datasamples,
[iiladditional dataattributes(features)or [iii] new qual-
itative knowledgeaboutthe problem(e.g. expertrules).
For example,suppose network hasbeentrainedto pre-
dict rainfall patternsbasedon featuresderived from a
setof sensomreadings. Later on, a new type of sensor
becomeswvailablefor measuringadditionalervironmen-
tal information. Featuresextractedfrom the new sen-
sor readingcan potentiallyimprove the existing predic-
tion. In remotesensinglandcoverhasbeenclassifiedfor
decadesisingmultispectraldatawith O(10)bands/piel;
but lately extra informationis availablethroughnew hy-
perspectralkensorsthat provide about 200 bands/pil
[6]. In both situations,one wondersif a new network
needso betrainedfrom scratchto includeall the exist-
ing featuresalongwith the new featuresor the existing
trainednetwork canbemodified(enhancedjo accommo-
datethe new features.The latter casemayyield a much
faster(re)trainingtime for comparablejuality of results.

Closelyrelatedto theissueof suchincrementaimodel
enhancemeris thatof knowledgereusd5], wherebyex-
isting solutionsto a setof problemsareleveragedo help
solve a differentbut relatedproblem. For example,sup-
posewe have developeda systemto identify andclassify
differenttypesof vehiclesin desert-lileterrain.|If thereis
anew needto identify thesameor similarvehicletypesin
mountainougerrian,doesoneneedto startfrom scratch
or canone somehav incorporatethe existing systemto
obtaina quicker andbettersolutionto the new but related
problem?

In this paperwe studyhow bothsituationscanbetack-
led using when the existing modelscompriseof Radial
basisfunctionnetworks(RBFNs)whichareuniversalap-
proximatorsandalsohave usefullocalizationproperties
[7], [3]- For network reuse,the techniquesnvolved in-
clude methodsfor systematicallyeliminating input fea-
tures(reducinginput datadimensionality)rom atrained
network, ways of addingfeaturesto a trainednetwork,
andways of modifying the new network’s outputbased
on the outputsof existing networks[4]. We notethatthe
problemof eliminatingfeaturesrom atrainednetwork is
relatedto theproblemof recallin thepresencef missing
variablesge.g.[9], [10].

Il. KNOWLEDGE ENHANCEMENT IN RBFNS USING
ADDITIONAL FEATURES

In this section,we presenttechniquedor knowledge
enhancemernih radial basisfunction networks whenad-
ditional featuresdbecomeavailable.

A. RBFNetworkClassifier

Oneof themainreasongor thepopularityof RBF net-
works is that the training processcanbe clearly divided
into two stageswith eachstagerelatively independentf
the other For classificationwe would like to modelthe
posteriorprobabilitiesp(Cy, |x) for eachclassCy, where
x is theinputfeaturevector Following Bishop[3], if the
unconditionaldensityof the input datap(x) is approxi-
matedusinga Gaussiamixture model:

M
p(x) = > px|j)P(j). @
j=1

andthehiddenunitsareinitialized asthe mixturecompo-
nents,j, we getanormalizedRBFN:

M
P(Cylx) = > wij;(x), 2
j=1
wherethe hiddenunit activationsaregivenby
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andthe hiddento outputunit weightsaregivenby

_ P(j|Cr)P(Cy)
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In this scenariothe hiddenunit centerscan be consid-
eredasrepresentatie featurevectorsandhiddenunit ac-
tivationscanbeinterpretedasthe posteriorprobabilities
of thepresencef the correspondindeaturesn theinput

space. The weightsthen representhe posteriorproba-
bility of a classmembershipgiven thesefeatures. The
kernelfunctionfor eachmixturecomponenyj is modeled
as:
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whereu representshe centerof the j** kernelandd is
thedimensionalityof x.

The parameter®f the mixture modelcanbe obtained
using an iterative processcalled the ExpectationMax-
imization (EM) algorithm[2] The Expectationstepin-
volvesthe computationof the conditionalprobability of
the j** kernelgiventhent* sample:
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The Maximization stepinvolvesthe computationof the
new valuesfor themodelparameterg;, o5 and P(j)
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whereN is thetotalnumberof samplesThe Expectation
andMaximizationstepsarealternatelyperformedill the
solutioncorverges.This EM algorithmto find thehidden
unit centersand widths constitutesthe first stagetrain-
ing. The secondstagetraining consistsof determining
theweightswy,; usinga one-stegpseudo-inersecompu-
tation.

B. Theoryfor Accommodatind\dditional Featues

Now say additionalfeaturesx, needto be incorpo-
ratedinto the classificationprocessto enhancet. One
way of doing sowould beto train anothemetwork from
scratchsuchthatduringthefirst stagetraining (determin-
ing basisfunction parameters)the completeddatasam-
plesconsistingof previous featuresandaugmentedvith
the new featuresareusedfor the mixture modelingpro-
cess.Alternatively onecandevelopa methodwherebya
separatenixturemodelis createdor inputsconsistingof

the new featuresonly. This modelcanthenbe combined
with the hiddenunits of the existing classifierto give the
new hiddenunit parametergor the enhancedlassifier
Let us assumehat a setof kernelsS, is usedfor rep-
resentingthe unconditionaldensityof x, using mixture
modeling:

p(xa) = > p(xali) P(i) (10)
’ieSa
where
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andc is thedimensionalityof x,. Then,
P(Crlx,%xa) = Y wiP(lx,%.)  (12)

1€Sjoint

whereS;qin:t is thesetof kernelsusedto approximatehe
unconditionadensityp(x, x,), i.e.

S b, xal)P().

1€Sjoint

p(x,%x,) = (13)

In thecasewherex andx, areindependentye have:

p(x,%,) = p(x)p(Xa) (14)
= > Y p(xlj)p(xali)P(j) P(i) (15)
JES €S,

whereEg. 1 and Eq. 10 were substitutedfor p(x) and
p(x,) andS representthesetof kernelsusedin themix-
turemodelingof p(x). Comparingeq.13andEq. 15,we

have

Sioint = S (X) Sa- (16)

Therefore,
p(x,%.|l) = p(x[§)p(xali) 17)
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P(l) = P(G)P(). (19)

Thusthe kernelsof set.S;,:n: areformedby combining
kernelsfrom the two mixture densitiesp(x) and p(x,)
and we can avoid having to perform EM algorithmon
thecompletediatasettherebyreducingthetrainingtime.
The advantagebecomespronouncedwhen the dimen-
sionality of x is muchlargerthanthatof x,.

In practice theremay not be a needto includeall the
kernelsof the setS;qin:. Kernelswith low prior proba-
bilities P(I) maybeeliminated.

Now considerthe casewherex andx, aredependent.
Againthejoint densitycanbe approximateds
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Fig.1. A dependentlistribution. x andz, aredependentariables.
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Howeverin thiscaseP(l) # P(j)P(i) andneedgo be
computed. The prior probabilitiescan be directly com-
putedusingEq. 9, whereP(I|x™,x) is givenby:

p(x",xz0)
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Considerthe exampleshown in Figurel. To facilitate
theillustrationx andx, representedsonedimensional
z andz, respectiely. The joint probability densityis
shawvn by the shadedegion in Figurelaandis assumed
to be Gaussian.If the samplesare projectedalongthe
two dimensionsandseparatenixture modelsareusedfor
modelingthe densitiesalongeachof the dimensionswe
getmodelsasshowvn in Figures 1band 1c. Figure 1d
shavs the combinationof the kernelsfrom the two mix-
ture densities. Someof the kernelswill be eliminated
sincethey will havelow valuesfor P(I|x™, x) andthere-
fore will have low prior probabilitiesP(l). This proce-
dureis akinto the CLIQUE clusteringtechniquerecently
proposedn the datamining literature[1], which is very
efficientandeasilyimplementable.

C. Enhancemenlgorithm

Considera RBF network (Net i) thathasbeentrained
to classifysamplesk, eachhaving K featurese; ...zxk.
Supposewe needto enhancethe classificationby ac-
commodatingnew featureskK + 1...L, givenwe have
additional samplesx’, eachbeing a vector of size L.
We first train a new network(Netg ) using only fea-
tures K + 1...L of the new samplesx’. Candidate

unitsfor the enhancedhetwork(Vety) arethenobtained
by combining the hidden units from both the above
networks(Netx and Netg ) via a crossproduct. The
varianceo? of the candidateunits is approximatedas:

2
o = (oK\/% +aKL,/¥) , Whereo? ando?

are the variancesof the hidden units of the networks.
Prior probabilitiesof thesepotentialunits arethencom-
putedusingEq.9 andEq. 22. Theseunitsarethensorted
in descendingorder of their prior probabilitiesover the
samplesx’. Potentialnetworks are formedby choosing
increasinghumberof candidataunitsfrom thesortedlist
andtrainingtheir secondayerweightsusingthe samples
x’. To avoid inspectionof a large numberof networks,
thenumberof hiddenunitsthatcanbeusedfor anetwork
is restricted.Amongthe potentialnetworks the onewith
the leastvalidation erroris chosenasthe enhancedet-
work (‘Validationsetmethod’). Anothermethod(‘Prob-
ability fraction method’) of forming the new network is
to chooseahefirstm unitsfrom the sortedcandidatgool
suchthat the sum of the prior probabilitiesof thesem
units exceedssomefraction, f. Sucha methodavoids
the needto inspectmary networkswith increasinghnum-
bersof hiddenunits with a validation setand henceis
moreefficient. Howeverthe performancés dependenon
the choiceof f. Fromthe following experimentsjt can
be seenthatthe abose approacheyield a lower training
time thanhaving to train the new network from scratch,
andalsoprovideslower generalizatiorerror.

D. Experiments

In this sectionwe presenthe resultsobtainedby ap-
plying the knowledgeenhancementechniquediscussed
in the previous sectionto anautomaticdargetrecognition
problem. All the experimentswereperformedon a dual
PentiumlI300MHz workstationwith 512MB RAM.

D.1 AutomaticTargetRecognition

This probleminvolves the recognitionof 6 different
types of military vehiclesbasedon 47 featureswhich
were obtainedby processingFLIR images. The total
numberof sampless 398. In all the experiments,300
samplesvereusedfor training/validationandtheremain-
ing 98 were usedfor testing, unlessmentionedother
wise. The300samplesvereemployedvia 10fold cross-
validationfor NET1throughNET9, andvia 5 fold cross-
validationfor networksNET10throughNET14.

In the first experiment,a RBF network(NET1) was
trainedon 300 randomlychosensamplesusinga setof
30 features(oubf 47). Now, saywe needto includethe
remainingl7 featuresto enhancehe classificationper
formance. We testedtwo approaches.In the first ap-
proach,a new RBF network(NET2) was trained from
scratchusing the same300 samplesandall the 47 fea-



tures. In the other approach,the knowledge enhance-
menttechniquesyiz. the‘validationset’ methodandthe
‘probability fraction’ method,as explainedin the previ-
oussectionwereused.Firstly the300 samplesvereused
to train anetwork(NET3)usingthe 17 featuresonly. The
hiddenunit centersfrom both the networks, NET1 and
NET3, were combinedvia a crossproductto give can-
didatehiddenunits for a new enhancedetwork. These
RBFswerethensortedin the descendingrder of their
prior probabilities.Usingthe ‘validationset’ method the
actualhiddenunitsfor anenhancedetwork(NET4)were
obtainedby choosingthe first £ * RBFswhich provide
the leastvalidation seterror, after being trainedfor the
secondayer weightsusing the training set. NET5 was
formedusingthe ‘probability fraction’ methodwherethe
first m unitswerechosenfrom the samecandidatepool,
suchthattheir combinedprior probability waslessthan
0.4.

Similarly anotherRBF network(NET6) was trained
using 40 features and combined with a RBF net-
work(NET7),trainedon the remaining7 features.NET8
was obtained using the ‘validation set’ combination
methodand NET9 was obtainedusing the ‘probability
fraction’ methodwherethefraction f waschoseras0.4.

In yet anotherexperiment, a network(NET10) was
trainedusing40 featuresand250 samplesZ00 for train-
ing and50 for validation). To accommodat¢he remain-
ing 7 featuresanothemetwork(NET11)wastrainedus-
ing a different set of 50 sampleswhere 40 were used
for training and 10 were usedfor validation. The same
50 sampleswere then usedfor combiningNET10 and
NET11 to form the enhancedhetwork, NET12, using
‘validation set method’. NET13 was obtained using
‘probability fraction” methodwherethe fraction f was
againchoseras(0.4. NET12andNET13werecompared
with NET14, which wastrainedusingthese50 samples
andall the47 featuresogether

Thecomparisorof all theabove networkswith respect
to their training times and generalizatiorerrorsis pro-
videdin Tablel?,

E. Discussion

One of the main adwvantagesof the enhancedalgo-
rithm is that the time taken to train the network using
this methodis smallerthanthatrequiredto train the net-
work from scratch.As canbe seenin Table I, thetrain-
ing timesfor networks NET4, NET5, NET8 and NET9

L For all the experimentsnvolving ‘validationset’ method the maxi-
mum numberof hiddenunits thatweretestedwaslimited to the larger
of 100 andthecardinalityof the crossproduct.

2The training times of the combinednetworks consistof the time
takento train the network on the new featuresandtime takento com-
bine. Thetime takento combineis givenin braclets.e.g. Timetakento
train NET4 = Time taken to train NET3 + Time to combineNET1 and
NET3. Also thetime shavn hereis thetime takento train the networks
onthe numberof hiddenunitsshavn in the previous column.

are lessthan the training time for NET2. Also, asthe
fraction of the numberof featuresneededo be accom-
modatedcomparedo the numberof existing featuresre-
duces the differencein thetraining time becomesnore
pronounced.

The performancef the networkstrainedusingtheen-
hancementechniquesare betterthan the usualtraining
method. The testsetperformance®f NET4, NET5 and
NETS8 are betterthanthat of NET2. Suchanimprove-
mentin the performancas alsodueto thefactthatlarge
numberof hiddenunits could be usedfor the networks
trained using the enhancementechniques. This could
notbe donewith thenormaltrainingtechnique Not only
doesthetime takento train increasedrastically thetech-
nigue also avoids the increasingunreliability of finding
thepsuedo-inersesolutionfor theweightmatrix with in-
creasan numberof units.

Another major advantageis that the performanceof
the enhancemeriechniqueis betterthanthe normalal-
gorithm when the numberof sampleswith completed
data(containingraluesfor additionalfeatures)is small.
NET12 and NET13 not only requirea smallertraining
time thanNET14,they alsoperformbetter

I1l. KNOWLEDGE REUSE IN RBFNs

In this sectionwe proposetechniquedor knowledge
reusein the context of RBF networks. In general,the
methodusedfor recallin RBF networksin the presence
of missingvariablescanbecombinedwith themethodfor
addingfeaturegto provide a unified framework of direct
transferof knowledgeacrossRBF networks.

A. Eliminationof Featules

Sayanetwork hasbeentrainedto distinguishbetween
differentkinds of passengecarsbasedon featuressuch
asmileage enginetype,numberof doors,etc. If another
network needsto be trainedwhich distinguishediffer-
entsportscars,the new network may beinitialized using
thefeaturesccommonbetweerpassengeandsportscars.
This canbedoneby usingthetechniquefollowedfor per
formingrecallin the presencef missingfeatureg9]. If a
network hasbeentrainedusingEM algorithmfor decid-
ing parametersor the hiddenunits,thenew network can
be initialized by projectingthe Gaussiarhiddenunits of
theexisting network alongthecommondimension®f the
two problems.In the above examplemileageandengine
type may be commonfeaturesfor the two classification
problemswhereaswumberof doorsis not a distinguish-
ing featureamongsportscars. Thusthe Gaussiansised
ashiddenunitsin the network for classifyingpassenger
carscanbe projectedalongthe dimensiongepresenting
mileageandenginetype. This projectionis takenby sim-
ply neglectingthe dimensionassociatedvith numberof
doors.



B. Additionof Features

Now say an additional feature such as wheel-base
needsto be incorporatedin the classificationof sports
carsandwas not usedfor passengecars. This accom-
modationof new featurescanbe doneusingthe method
discussedh thecontext of knowledgeenhancemerih the
previouschapteri.e. trainanothemetwork usingonly the
new featureandcombinethis network with thatobtained
aftereliminationto give the consolidatechetwork. Such
atrainingtechniguemay not only be fasterthantraining
a new network from scratchbut may alsoleadto better
performanceasshovn in thefollowing experiments.

C. Experiments

The automatidargetrecognitiondatasetntroducedn
theprevioussectionis usedto demonstrat¢heefficacy of
the reusealgorithm over the normaltraining technique.
This datasetonsistsof 6 differentkinds of military ve-
hicles, 2 eachof tanks,trucks and carriers. The 47 in-
putfeaturednclude23 Zernike momentsy standardno-
mentsand 17 otherfeaturessuchasgrey-level informa-
tion, width, height,etc. The datasehas281 samplesof
trucksandtanksand117 samplesof carriers.

In thefirst experimentanRBF network(TRNET1)was
trainedto distinguishthe 4 differentkinds of trucksand
tanks. Only 23 Zernike momentsand 7 standardmo-
mentswereusedasinput featuresfor this problem. 250
samplesvereusedfor training TRNET1andthe remain-
ing 31 sampleswere usedfor testing. We now wanted
to train a RBF network to differentiatethe 2 different
kinds of carriersusingthe 23 Zernike momentsandthe
17 otherfeaturesnot usedfor training TRNET1. Since
the 23 featuresconstitutingthe Zernike momentswere
commonbetweerthetwo problemsusingthereusealgo-
rithm, the hiddenunits of TRNET1wereprojectedalong
these23 dimensiongo give network TRNET2. A newn
network, TRNET3wasthentrainedon 80 sample®f car
rierson the remainingl7 featureso distinguishthe two
typesof carriers. TRNET2andTRNET3werethencom-
bined using the ‘probability fraction’ methoddiscussed
in the previous chapterto form the final network, TR-
NET4. Thefraction f waschoseras0.4, the samevalue
usedfor the experimentsin the previous chapter The
trainingtime and performanceof this network wascom-
paredwith anotheRBF network(TRNETS5),trainedfrom
scratch(usinghetraditionalapproach}o distinguishcar
riers using the 40 features. A 10 fold crossvalidation
wasperformedon networksTRNET3, TRNET4andTR-
NETS.

D. Discussion

As canbe seenfrom table Il , the time takento train
TRNET4 is smaller than that of TRNET4. Also the
performanceof the network is betterthanits traditional

counterpart. The advantageshbecomemore pronounced
asthe numberof training samplesand commonfeatures
increaseandthefractionof new featureseededo beac-
commodatededuces.

IV. CONCLUSION

Knowledgeenhancemerand reuseare becomingin-
creasinglyimportantespeciallyin the context of rapidly
building a seriesof modelsfor analyzingargecollections
of databeingcontinuouslhyacquiredrom remotesensing,
satelliteimagery customerretailing,weblogsetc. In this
paper we presentedh novel enhancemenalgorithmfor
accommodatingew featureswithin a trained network.
Suchatechniqueis moreefficient and performsconsid-
erably betterthan training a new network trainedfrom
scratch.We alsopresenteé knowledgereuseframeawork
thatcanbe usedto transferknowledgeacrossRadialBa-
sisFunctionNetworks.
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Automatic Target RecognitionResults Traintime of combinednetwork = train time of network with new featurest time takento combine

kernels(shan in braclets).

Algo Feat- | Train Hidden Train Training Test

ures Set Units Time Rate Rate

(sec.) (% correct) (% correct)

NET1 30| 300 | 14.5t0.53| 4.04+0.12 | 71.13+2.63 | 67.04£2.85

NET2 47 | 300 | 13.1+1.19| 4.51+0.03 | 70.7+£1.53 | 66.73+2.85

NET3 17| 300| 14.2+0.42| 3.46+0.09 | 69.83+1.81 | 66.73+3.09

NET4 47 | 300 76.5 4.46(1) 95.77 88.06

+12.58 +0.22 +1.32 +2.15

NETS 47 | 300 28.3 | 4.26(0.08) 82.33 76.84

+0.95 +0.13 +1.81 +3.33

NET6 40| 300 | 13.1+1.52| 4.15+0.38 | 71.2/4+2.25| 66.53t3.9

NET7 7| 300| 12.2+2.25| 2.74£0.43 | 54.83+5.55| 45.14+5.52

NET8 47| 300 59.8| 3.46(0.72) 92.1 85.31

+16.4 +0.62 +3.69 +4.25

NET9 47 | 300 28.3| 3.44(0.7) 81.3 74.89

+3.13 +0.58 +3.44 +3.34

NET10 40 | 250 | 13.8+1.64 | 3.65+0.35| 76.4H43.39 | 67.14+4.17

NET11 7 50| 2.6+0.89| 0.49+0.03 | 88.8A40.77| 18.5++1.68

NET12 47 50 15 | 0.55(0.06) 96.13 55.31

+8.57 +0.04 +2.10 +5.09

NET13 47 50 8 | 0.54(0.05) 93.33 47.47

+1.41 +0.04 +1.03 +7.72

NET14 47 50 6+2.24 | 0.8+0.39| 92.33+2.9 | 44.29+6.65
TABLE |

REUSE IN AUTOMATIC TARGET RECOGNITION.

Algo Feat- | Train Hidden Train Training Test

ures Set Units Time Rate Rate

(sec.) (% correct) (% correct)

TRNET1 30| 250 13 3.18 75.6 70.97

TRNET3 17 80 | 3.2+0.42 | 0.64+0.03 91+5.52 | 92.43£6.08

TRNET4 40 80 8.6 | 0.71(0.07) 94.5 96.76

+0.84 +0.04 +2.96 1.14

TRNET5 40 80 | 3.6£0.69| 0.79+0.05| 87.13t7.62 | 87.03£9.52
TABLE I




