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Abstract— This paper presentsa technique for enhancing an
RBFN when provided with additional information in the form of
new features, without retraining or resorting to the original fea-
tur es.The proposedtechniqueimprovesthe learning speedaswell
asnetwork performance ascompared to a network that is trained
fr om scratch. We alsopresenta method of reusingknowledgeem-
beddedin an RBFN for initializing another RBFN to be trained on
a relatedproblem. Both methodshaveseveral real-life applications.

I . INTRODUCTION

In many real life situations,additionalknowledgeor
databecomesavailableaftera model(suchasa classifier
or functionapproximator)hasalreadybeenlearnedbased
on existing dataandknowledge[8], [4]. Suchnew infor-
mationcanbe in the form of [i]additional datasamples,
[ii]additional dataattributes(features),or [iii] new qual-
itative knowledgeaboutthe problem(e.g. expert rules).
For example,supposea network hasbeentrainedto pre-
dict rainfall patternsbasedon featuresderived from a
set of sensorreadings. Later on, a new type of sensor
becomesavailablefor measuringadditionalenvironmen-
tal information. Featuresextractedfrom the new sen-
sor readingcanpotentially improve the existing predic-
tion. In remotesensing,landcoverhasbeenclassifiedfor
decadesusingmultispectraldatawith O(10)bands/pixel;
but lately extra informationis availablethroughnew hy-
perspectralsensorsthat provide about 200 bands/pixel
[6]. In both situations,one wondersif a new network
needsto be trainedfrom scratchto includeall the exist-
ing featuresalongwith the new features,or the existing
trainednetwork canbemodified(enhanced)to accommo-
datethenew features.The lattercasemayyield a much
faster(re)trainingtime for comparablequality of results.

Closelyrelatedto theissueof suchincrementalmodel
enhancementis thatof knowledgereuse[5], wherebyex-
istingsolutionsto asetof problemsareleveragedto help
solve a differentbut relatedproblem.For example,sup-
posewehavedevelopedasystemto identify andclassify
differenttypesof vehiclesin desert-liketerrain.If thereis
anew needto identify thesameor similarvehicletypesin
mountainousterrian,doesoneneedto startfrom scratch
or canonesomehow incorporatethe existing systemto
obtainaquickerandbettersolutionto thenew but related
problem?

In thispaper, westudyhow bothsituationscanbetack-
led usingwhen the existing modelscompriseof Radial
basisfunctionnetworks(RBFNs),whichareuniversalap-
proximatorsandalsohave useful localizationproperties
[7], [3]. For network reuse,the techniquesinvolved in-
cludemethodsfor systematicallyeliminating input fea-
tures(reducinginput datadimensionality)from a trained
network, ways of addingfeaturesto a trainednetwork,
andwaysof modifying the new network’s outputbased
on theoutputsof existing networks[4]. We notethat the
problemof eliminatingfeaturesfrom atrainednetwork is
relatedto theproblemof recallin thepresenceof missing
variables,e.g.[9], [10].

I I . KNOWLEDGE ENHANCEMENT IN RBFNS USING

ADDITIONAL FEATURES

In this section,we presenttechniquesfor knowledge
enhancementin radialbasisfunctionnetworkswhenad-
ditional featuresbecomeavailable.

A. RBFNetworkClassifier

Oneof themainreasonsfor thepopularityof RBFnet-
works is that the training processcanbe clearly divided
into two stageswith eachstagerelatively independentof
theother. For classification,we would like to modelthe
posteriorprobabilities��������� 	�
 for eachclass��� , where	 is theinput featurevector. Following Bishop[3], if the
unconditionaldensityof the input data ���
	�
 is approxi-
matedusingaGaussianmixturemodel:
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andthehiddenunitsareinitializedasthemixturecompo-
nents,� , we geta normalizedRBFN:
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wherethehiddenunit activationsaregivenby
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andthehiddento outputunit weightsaregivenby
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In this scenario,the hiddenunit centerscan be consid-
eredasrepresentativefeaturevectorsandhiddenunit ac-
tivationscanbe interpretedasthe posteriorprobabilities
of thepresenceof thecorrespondingfeaturesin theinput
space. The weightsthen representthe posteriorproba-
bility of a classmembership,given thesefeatures.The
kernelfunctionfor eachmixturecomponent� is modeled
as: ���
	�� ��
�� /�10#2�
�3�4�576 3�98;:
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where @ representsthe centerof the �GF�H kerneland I is
thedimensionalityof 	 .

Theparametersof themixturemodelcanbeobtained
using an iterative processcalled the ExpectationMax-
imization (EM) algorithm [2] The Expectationstepin-
volvesthe computationof the conditionalprobability of
the �GF�H kernelgiventhe J F�H sample:
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The Maximizationstepinvolvesthe computationof the
new valuesfor themodelparameters@ � , 6 5� and ������
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where
S

is thetotalnumberof samples.TheExpectation
andMaximizationstepsarealternatelyperformedtill the
solutionconverges.ThisEM algorithmto find thehidden
unit centersand widths constitutesthe first stagetrain-
ing. The secondstagetraining consistsof determining
theweights � � usinga one-steppseudo-inversecompu-
tation.

B. Theoryfor AccommodatingAdditionalFeatures

Now say, additional features	�T needto be incorpo-
ratedinto the classificationprocessto enhanceit. One
way of doingsowould beto train anothernetwork from
scratchsuchthatduringthefirst stagetraining(determin-
ing basisfunctionparameters),the completeddatasam-
plesconsistingof previous featuresandaugmentedwith
thenew features,areusedfor themixturemodelingpro-
cess.Alternatively onecandevelopa methodwherebya
separatemixturemodelis createdfor inputsconsistingof

thenew featuresonly. This modelcanthenbecombined
with thehiddenunitsof theexisting classifierto give the
new hiddenunit parametersfor the enhancedclassifier.
Let us assumethat a set of kernels U T is usedfor rep-
resentingthe unconditionaldensityof 	�T usingmixture
modeling: ���
	 T 
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����
)*
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and \ is thedimensionalityof 	�T . Then,��������� 	9%�	 T 
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whereU �Zb�' K F is thesetof kernelsusedto approximatethe
unconditionaldensity���
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whereEq. 1 and Eq. 10 were substitutedfor ���
	�
 and����	�T-
 and U representsthesetof kernelsusedin themix-
turemodelingof ����	�
 . ComparingEq.13andEq.15,we
have U �Zb�' K F � Ufe U T�� (16)
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Thusthe kernelsof set U �Zb�' K F areformedby combining
kernelsfrom the two mixture densities���
	�
 and ���
	�T;

and we can avoid having to perform EM algorithm on
thecompleteddatasettherebyreducingthetrainingtime.
The advantagebecomespronouncedwhen the dimen-
sionalityof 	 is muchlargerthanthatof 	�T .

In practice,theremaynot bea needto includeall the
kernelsof the set U �Zb�' K F . Kernelswith low prior proba-
bilities ����a�
 maybeeliminated.

Now considerthecasewhere	 and 	 T aredependent.
Again thejoint densitycanbeapproximatedas
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Fig. 1. A dependentdistribution. x and p-q aredependentvariables.
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Howeverin thiscase����a�
wv�x������
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 andneedsto be
computed.The prior probabilitiescanbe directly com-
putedusingEq.9, where����a�� 	 K %�	 K T 
 is givenby:
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Considertheexampleshown in Figure1. To facilitate
the illustration 	 and 	 T representedasonedimensional{ and { T respectively. The joint probability density is
shown by theshadedregion in Figure1aandis assumed
to be Gaussian.If the samplesare projectedalong the
two dimensionsandseparatemixturemodelsareusedfor
modelingthedensitiesalongeachof thedimensions,we
get modelsasshown in Figures 1b and 1c. Figure 1d
shows thecombinationof thekernelsfrom thetwo mix-
ture densities. Someof the kernelswill be eliminated
sincethey will havelow valuesfor ����a�� 	 K %�	 K T 
 andthere-
fore will have low prior probabilities ����a1
 . This proce-
dureis akin to theCLIQUE clusteringtechniquerecently
proposedin the datamining literature[1], which is very
efficientandeasilyimplementable.

C. EnhancementAlgorithm

ConsideraRBFnetwork (
S 8}|*~ ) thathasbeentrained

to classifysamples	 , eachhaving � features{ � �7�?��{ ~ .
Suppose,we needto enhancethe classificationby ac-
commodatingnew features��� / �?�7��� , given we have
additional samples	L� , eachbeing a vector of size � .
We first train a new network(

S 8}|*~�� ) using only fea-
tures ��� / �7�?��� of the new samples	L� . Candidate

units for theenhancednetwork(
S 8}| � ) arethenobtained

by combining the hidden units from both the above
networks(

S 8}|*~ and
S 8}|*~�� ) via a crossproduct. The

variance 6 5� of the candidateunits is approximatedas:6 5� ���}6 ~�� ~ � � 6 ~��9� � : ~��� 5 % where 6 5~ and 6 5~��
are the variancesof the hidden units of the networks.
Prior probabilitiesof thesepotentialunits arethencom-
putedusingEq.9 andEq.22. Theseunitsarethensorted
in descendingorderof their prior probabilitiesover the
samples	L� . Potentialnetworks areformedby choosing
increasingnumbersof candidateunitsfrom thesortedlist
andtrainingtheirsecondlayerweightsusingthesamples	L� . To avoid inspectionof a large numberof networks,
thenumberof hiddenunitsthatcanbeusedfor anetwork
is restricted.Amongthepotentialnetworkstheonewith
the leastvalidationerror is chosenasthe enhancednet-
work (‘Validationsetmethod’).Anothermethod(‘Prob-
ability fraction method’)of forming the new network is
to choosethefirst � unitsfrom thesortedcandidatepool
suchthat the sum of the prior probabilitiesof these �
units exceedssomefraction, � . Sucha methodavoids
theneedto inspectmany networkswith increasingnum-
bersof hiddenunits with a validation set and henceis
moreefficient. Howevertheperformanceis dependenton
the choiceof � . From the following experiments,it can
beseenthat theabove approachesyield a lower training
time thanhaving to train the new network from scratch,
andalsoprovideslowergeneralizationerror.

D. Experiments

In this sectionwe presentthe resultsobtainedby ap-
plying the knowledgeenhancementtechniquediscussed
in theprevioussectionto anautomatictargetrecognition
problem. All theexperimentswereperformedon a dual
PentiumII300MHzworkstationwith 512MB RAM.

D.1 AutomaticTargetRecognition

This probleminvolves the recognitionof � different
types of military vehiclesbasedon ��� featureswhich
were obtainedby processingFLIR images. The total
numberof samplesis �G�;� . In all the experiments,�;�G�
sampleswereusedfor training/validationandtheremain-
ing �;� were usedfor testing, unlessmentionedother-
wise.The300sampleswereemployedvia 10 fold cross-
validationfor NET1 throughNET9,andvia 5 fold cross-
validationfor networksNET10throughNET14.

In the first experiment,a RBF network(NET1) was
trainedon �G�;� randomlychosensamples,usinga setof
30 features(outof 47). Now, saywe needto includethe
remaining / � featuresto enhancethe classificationper-
formance. We testedtwo approaches.In the first ap-
proach,a new RBF network(NET2) was trained from
scratchusing the same�;�G� samplesandall the 47 fea-



tures. In the other approach,the knowledgeenhance-
menttechniques,viz. the‘validationset’ methodandthe
‘probability fraction’ method,asexplainedin the previ-
oussectionwereused.Firstly the �G�;� sampleswereused
to trainanetwork(NET3)usingthe / � featuresonly. The
hiddenunit centersfrom both the networks, NET1 and
NET3, werecombinedvia a crossproductto give can-
didatehiddenunits for a new enhancednetwork. These
RBFswere thensortedin the descendingorderof their
prior probabilities.Usingthe‘validationset’method,the
actualhiddenunitsfor anenhancednetwork(NET4)were
obtainedby choosingthe first z 1 RBFswhich provide
the leastvalidationseterror, after being trainedfor the
secondlayer weightsusing the training set. NET5 was
formedusingthe‘probability fraction’ methodwherethe
first � unitswerechosenfrom thesamecandidatepool,
suchthat their combinedprior probability waslessthan� � � .

Similarly anotherRBF network(NET6) was trained
using ��� features and combined with a RBF net-
work(NET7),trainedon theremaining � features.NET8
was obtained using the ‘validation set’ combination
methodand NET9 was obtainedusing the ‘probability
fraction’ method,wherethefraction � waschosenas � � � .

In yet anotherexperiment, a network(NET10) was
trainedusing �G� featuresand 0G� � samples(0 �;� for train-
ing and � � for validation). To accommodatetheremain-
ing � features,anothernetwork(NET11)wastrainedus-
ing a different set of � � sampleswhere �G� were used
for training and / � wereusedfor validation. The same� � sampleswere then usedfor combiningNET10 and
NET11 to form the enhancednetwork, NET12, using
‘validation set method’. NET13 was obtainedusing
‘probability fraction’ methodwherethe fraction � was
againchosenas � � � . NET12andNET13werecompared
with NET14, which wastrainedusingthese� � samples
andall the �$� featurestogether.

Thecomparisonof all theabovenetworkswith respect
to their training times and generalizationerrors is pro-
videdin TableI2.

E. Discussion

One of the main advantagesof the enhancedalgo-
rithm is that the time taken to train the network using
this methodis smallerthanthatrequiredto train thenet-
work from scratch.As canbeseenin Table I, thetrain-
ing times for networks NET4, NET5, NET8 andNET9�

For all theexperimentsinvolving ‘validationset’ method,themaxi-
mumnumberof hiddenunits thatweretestedwaslimited to the larger
of ����� andthecardinalityof thecrossproduct.�

The training times of the combinednetworks consistof the time
taken to train the network on thenew featuresandtime taken to com-
bine.Thetimetakento combineis givenin brackets.e.g.Timetakento
train NET4 = Time taken to train NET3 + Time to combineNET1 and
NET3. Also thetimeshown hereis thetime takento train thenetworks
on thenumberof hiddenunitsshown in thepreviouscolumn.

are lessthan the training time for NET2. Also, as the
fraction of the numberof featuresneededto be accom-
modatedcomparedto thenumberof existing featuresre-
duces,the differencein the training time becomesmore
pronounced.

Theperformanceof thenetworkstrainedusingtheen-
hancementtechniquesarebetterthan the usualtraining
method.The testsetperformancesof NET4, NET5 and
NET8 arebetterthan that of NET2. Suchan improve-
mentin theperformanceis alsodueto thefact that large
numberof hiddenunits could be usedfor the networks
trainedusing the enhancementtechniques. This could
notbedonewith thenormaltrainingtechnique.Not only
doesthetime takento train increasedrastically, thetech-
niquealsoavoids the increasingunreliability of finding
thepsuedo-inversesolutionfor theweightmatrixwith in-
creasein numberof units.

Another major advantageis that the performanceof
the enhancementtechniqueis betterthanthe normalal-
gorithm when the numberof sampleswith completed
data(containingvaluesfor additionalfeatures)is small.
NET12 and NET13 not only requirea smaller training
time thanNET14,they alsoperformbetter.

I I I . KNOWLEDGE REUSE IN RBFNS

In this sectionwe proposetechniquesfor knowledge
reusein the context of RBF networks. In general,the
methodusedfor recall in RBF networks in the presence
of missingvariablescanbecombinedwith themethodfor
addingfeaturesto provide a unified framework of direct
transferof knowledgeacrossRBFnetworks.

A. Eliminationof Features

Saya network hasbeentrainedto distinguishbetween
differentkinds of passengercarsbasedon featuressuch
asmileage,enginetype,numberof doors,etc. If another
network needsto be trainedwhich distinguishesdiffer-
entsportscars,thenew network maybeinitializedusing
thefeaturescommonbetweenpassengerandsportscars.
Thiscanbedoneby usingthetechniquefollowedfor per-
formingrecallin thepresenceof missingfeatures[9]. If a
network hasbeentrainedusingEM algorithmfor decid-
ing parametersfor thehiddenunits,thenew network can
be initialized by projectingtheGaussianhiddenunitsof
theexistingnetworkalongthecommondimensionsof the
two problems.In theaboveexamplemileageandengine
type may be commonfeaturesfor the two classification
problems,whereasnumberof doorsis not a distinguish-
ing featureamongsportscars. Thusthe Gaussiansused
ashiddenunits in the network for classifyingpassenger
carscanbe projectedalongthe dimensionsrepresenting
mileageandenginetype.Thisprojectionis takenby sim-
ply neglectingthe dimensionassociatedwith numberof
doors.



B. Additionof Features

Now say an additional feature such as wheel-base
needsto be incorporatedin the classificationof sports
carsandwasnot usedfor passengercars. This accom-
modationof new featurescanbedoneusingthemethod
discussedin thecontext of knowledgeenhancementin the
previouschapter, i.e. trainanothernetwork usingonly the
new featureandcombinethisnetwork with thatobtained
aftereliminationto give theconsolidatednetwork. Such
a training techniquemaynot only befasterthantraining
a new network from scratchbut may also leadto better
performanceasshown in thefollowing experiments.

C. Experiments

Theautomatictargetrecognitiondatasetintroducedin
theprevioussectionis usedto demonstratetheefficacy of
the reusealgorithmover the normal training technique.
This datasetconsistsof 6 differentkinds of military ve-
hicles,2 eachof tanks,trucksandcarriers. The 47 in-
put featuresinclude23Zernikemoments,7 standardmo-
mentsand17 otherfeaturessuchasgrey-level informa-
tion, width, height,etc. The datasethas281samplesof
trucksandtanksand117samplesof carriers.

In thefirst experiment,anRBFnetwork(TRNET1)was
trainedto distinguishthe 4 differentkindsof trucksand
tanks. Only 23 Zernike momentsand 7 standardmo-
mentswereusedasinput featuresfor this problem. 250
sampleswereusedfor trainingTRNET1andtheremain-
ing 31 sampleswereusedfor testing. We now wanted
to train a RBF network to differentiatethe 2 different
kinds of carriersusingthe 23 Zernike momentsandthe
17 other featuresnot usedfor training TRNET1. Since
the 23 featuresconstitutingthe Zernike momentswere
commonbetweenthetwo problems,usingthereusealgo-
rithm, thehiddenunitsof TRNET1wereprojectedalong
these23 dimensionsto give network TRNET2. A new
network,TRNET3wasthentrainedon80samplesof car-
rierson theremaining17 featuresto distinguishthe two
typesof carriers.TRNET2andTRNET3werethencom-
binedusing the ‘probability fraction’ methoddiscussed
in the previous chapterto form the final network, TR-
NET4. Thefraction � waschosenas � � � , thesamevalue
usedfor the experimentsin the previous chapter. The
trainingtime andperformanceof this network wascom-
paredwith anotherRBFnetwork(TRNET5),trainedfrom
scratch(usingthetraditionalapproach)to distinguishcar-
riers using the 40 features. A 10 fold crossvalidation
wasperformedonnetworksTRNET3,TRNET4andTR-
NET5.

D. Discussion

As canbe seenfrom table II , the time taken to train
TRNET4 is smaller than that of TRNET4. Also the
performanceof the network is betterthanits traditional

counterpart.The advantagesbecomemore pronounced
asthenumberof trainingsamplesandcommonfeatures
increaseandthefractionof new featuresneededto beac-
commodatedreduces.

IV. CONCLUSION

Knowledgeenhancementandreusearebecomingin-
creasinglyimportantespeciallyin the context of rapidly
building aseriesof modelsfor analyzinglargecollections
of databeingcontinuouslyacquiredfrom remotesensing,
satelliteimagery, customerretailing,weblogsetc. In this
paper, we presenteda novel enhancementalgorithmfor
accommodatingnew featureswithin a trainednetwork.
Sucha techniqueis moreefficient andperformsconsid-
erably better than training a new network trainedfrom
scratch.Wealsopresentedaknowledgereuseframework
thatcanbeusedto transferknowledgeacrossRadialBa-
sisFunctionNetworks.
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Algo Feat- Train Hidden Train Training Test

ures Set Units Time Rate Rate

(sec.) (% correct) (% correct)

NET1 30 300 14.5� 0.53 4.04� 0.12 71.13� 2.63 67.04� 2.85
NET2 47 300 13.1� 1.19 4.51� 0.03 70.7� 1.53 66.73� 2.85
NET3 17 300 14.2� 0.42 3.46� 0.09 69.83� 1.81 66.73� 3.09
NET4 47 300 76.5 4.46(1) 95.77 88.06� 12.58 � 0.22 � 1.32 � 2.15
NET5 47 300 28.3 4.26(0.08) 82.33 76.84� 0.95 � 0.13 � 1.81 � 3.33
NET6 40 300 13.1� 1.52 4.15� 0.38 71.27� 2.25 66.53� 3.9
NET7 7 300 12.2� 2.25 2.74� 0.43 54.83� 5.55 45.1� 5.52
NET8 47 300 59.8 3.46(0.72) 92.1 85.31� 16.4 � 0.62 � 3.69 � 4.25
NET9 47 300 28.3 3.44(0.7) 81.3 74.89� 3.13 � 0.58 � 3.44 � 3.34
NET10 40 250 13.8� 1.64 3.65� 0.35 76.47� 3.39 67.14� 4.17
NET11 7 50 2.6� 0.89 0.49� 0.03 88.87� 0.77 18.57� 1.68
NET12 47 50 15 0.55(0.06) 96.13 55.31� 8.57 � 0.04 � 2.10 � 5.09
NET13 47 50 8 0.54(0.05) 93.33 47.47� 1.41 � 0.04 � 1.03 � 7.72
NET14 47 50 6� 2.24 0.8� 0.39 92.33� 2.9 44.29� 6.65

TABLE I

Automatic Target RecognitionResults: Train time of combinednetwork = train timeof network with new features+ time takento combine

kernels(shown in brackets).

Algo Feat- Train Hidden Train Training Test

ures Set Units Time Rate Rate

(sec.) (% correct) (% correct)

TRNET1 30 250 13 3.18 75.6 70.97
TRNET3 17 80 3.2� 0.42 0.64� 0.03 91� 5.52 92.43� 6.08
TRNET4 40 80 8.6 0.71(0.07) 94.5 96.76� 0.84 � 0.04 � 2.96 1.14
TRNET5 40 80 3.6� 0.69 0.79� 0.05 87.13� 7.62 87.03� 9.52

TABLE II

REUSE IN AUTOMATIC TARGET RECOGNITION.


