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Abstract

Hierarchies are an intuitive and effective organization
paradigm for data. Of late there has been considerable re-
search on automatically learning hierarchical organizations
of data. In this paper, we explore the problem of learning n-
ary tree based hierarchies of categories with no user-defined
parameters. We propose a framework that characterizes a
“good” taxonomy and also provide an algorithm to find it.
This algorithm works completely automatically (with no user
input) and is significantly less greedy than existing algo-
rithms in literature. We evaluate our approach on multiple
real life datasets from diverse domains, such as text min-
ing, hyper-spectral analysis, written character recognition
etc. Our experimental results show that not only are n-ary
trees based taxonomies more “natural”, but also the output
space decompositions induced by these taxonomies for many
datasets yield better classification accuracies as opposed to
classification on binary tree based taxonomies.

1 Introduction

Hierarchical taxonomies have become an important tool
in the organization of knowledge in many domains. The US
Patent Office class codes, the Library of Congress catalog,
and even the ACM Computing Classification System are hi-
erarchical in structure. In general, taxonomies structured as
hierarchies make it easier to navigate and access the data as
well as to maintain and enrich it. This is especially true in the
context of the World Wide Web where the amount of avail-
able information is overwhelming. Many internet directories
such as Yahoo! and DMOZ? are organized as hierarchies.

AUTOMATIC TAXONOMY CONSTRUCTION.

The taxonomy construction process involves the specifi-
cation of a hierarchical arrangement of classes as well as
placement of data into nodes of this hierarchy. In the past,
this has been typically accomplished by hand. For example,
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2www.dmoz.org

both Yahoo and DMOZ taxonomies were created manually
by employees and volunteers respectively. This manual la-
beling process is, however, time-consuming, expensive, and,
in the case of an changing and expanding corpus like the
World Wide Web, inherently incomplete.

In this paper we tackle the problem of arranging a given
set of categories into a hierarchy, specifically as leaves of a
rooted n-ary tree. Moreover, given the high cost and un-
scalable nature of manual intervention, we seek to do this
completely automatically (parameter-free). There have been
several proposed approaches solve parts of this problem, but
they all either require significant user input on the structure
of the tree [4], or place artificial restrictions on it [6]. Details
of these existing approaches and how our work differs from
them can be found in [3].

SUMMARY OF CONTRIBUTIONS.

e We present an approach that constructs taxonomies of
categories in a completely automated fashion. We in-
troduce a novel constraint on the relationships between
categories, and this helps our algorithm learn “good”
taxonomies with no user-defined parameters.

e Our approach doesn’t place any restrictions on the
branching factor of the tree being learned, effectively
constructing n-ary trees. This avoids arbitrary group-
ings of categories at the top levels of the tree.

e In our approach, some greedy decisions made early in
the taxonomy construction process are re-evaluated in
more specific contexts. This makes our approach sig-
nificantly less greedy than some existing methods.

e Through experiments on datasets from a variety of do-
mains, we show that taxonomies modeled as n-ary trees
are more “natural” and result in better hierarchical clas-
sification accuracies than those modeled as binary trees.

Our approach is detailed in Section 2. Then we present an
experimental evaluation of our approach on a set of datasets
from diverse domains in Section 3.



2 Approach

We begin with a detailed description of the problem of au-
tomatic taxonomy construction and then propose a solution
to it, which we refer to as Automatic Taxonomy Generator
(ATG). Henceforth in this paper, we use the terms “class”
and “category” interchangeably. Further, since taxonomies
are hierarchical, and trees to be specific, we use the terms
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“taxonomy”’, “hierarchy”, and “tree” interchangeably too.
2.1 Automatic Taxonomy Construction

We tackle the problem of learning the structure of a
rooted n-ary tree with the classes placed at the leaves. The
desiderata of a solution are as follows:

A standard requirement of any hierarchical taxonomy
employed for classification is that “similar” classes be
placed close to each other, say, in terms of tree distance. For
example, in the creation of a Shopping taxonomy, the least
common ancestor of classes “Car” and “SUV” should be far-
ther from the root than that of classes “Car” and “Power-
Tool”.

In order to increase the interpretability of taxonomies, we
require that the content of each internal node be as homo-
geneous as possible. Taxonomies modeled as binary trees
often group classes arbitrarily at the top levels. For example,
consider a Shopping taxonomy where the root is associated
with the set of classes {“Electronics”, “Computers”, “Home
and Garden”, “Clothing and Accessories”}, and where a bi-
nary tree would necessarily pair arbitrary classes together.
We desire that the taxonomy construction process partition
the set of classes at each internal node into as many parts as
needed to maintain the homogeneity of the children nodes.

Many existing approaches require the user to specify, for
instance, the number of internal nodes in the tree or at each
level. These parameters are very difficult to set manually
without intimate knowledge of the structure of data. We
want our approach to avoid any such parameters.

FORMAL DEFINITION.

We need a few definitions to make the ideas expressed
above and the subsequent solution to the problem precise.
Let X be the set of data-points, such that each data-point x;
has an associated class label [; from a set of k classes C.
Thus, each class c; has a set of data-points ch associated
with it using which its prior 7, and class-conditional prob-
ability density functions p., = px (z|c;) can be estimated.

We want an arrangement of the classes C' into a taxon-
omy. Let the taxonomy be represented by a rooted n-ary tree
T with k leaves. Let lea f(T') and root(T') represent the set
of leaves and the root of the tree 7" respectively. Each class
is placed at exactly one leaf of T" so that leaf(T) = C. Let
w be an internal node of 7', and let T, denote the subtree
rooted at w. Each such internal node w is then associated
with a set of classes Cy, = leaf(T,). Let X¢, represent
the data obtained by putting together the data belonging to

all classes in C',,. Using X, each set of classes C,,, and
thereby each internal node w, has an associated prior 7(C,,)
and a probability density function pc,,. Note that more so-
phisticated models for pc,, can be used, such as a mixture
model of pdfs associated with classes in C,,. Finally, we
note that in this paper a collection of sets of classes such as
{C,, : 1 <i < m} is sometimes shortened to {C,, }™ ;.

2.2 Proposed Solution (ATG)

In this section we first describe a generic algorithm for
the construction of a hierarchy and then justify the design
choices made in this paper.

A GENERIC TOP-DOWN ALGORITHM.

We adopt a top-down approach to learning the tree struc-
ture. We start with 7" as a single node. Then root(T) is
associated with the set of given classes C' and the variable
root(T).tosplit is set to true. At any time during the algo-
rithm’s run there are a set of leaves of the tree 7' that have
their tosplit variable set to true. We pick one such leaf w for
splitting. Let w be associated with the set of classes C,,. We
then need to find the m disjoint subsets {C,, }1 ; into which
C.,, must be partitioned. This involves both finding the value
of m and the subsets themselves. This partitioning is com-
puted by a procedure called findPartition, which is
described later in this section. Once the C, are obtained,
we create m new nodes v; that are assigned as immediate
children of w. Each C,, is then associated with the corre-
sponding leaf v;. The tosplit variable of each v; whose asso-
ciated C',, has more than one class is set to true; w.tosplit is
set to false. In this fashion we proceed with splitting leaves
until all leaves have fosplit set to false. In other words, inter-
nal nodes are split until the leaves have only one class each.
The pseudo-code for this algorithm is shown in Figure 1.

THE PARTITIONING CRITERION.

As mentioned above, at each internal node w of the tree
we need to find a partitioning of the set of classes C', into an
appropriate number of subsets. But before we describe our
choice of partitioning criterion we need a notion of distance
between sets of classes.

We compute the distance between sets of classes using the
Jensen-Shannon (JS) divergence [1]. The distance between
two sets of classes C; and (s is defined in terms of their
associated pdfs pc, and pc,, and priors m; = w(C;)

JSx({C1,Ca}) =m K L(pc,, mipc,
+ 71'2]902) + ,/TQKL(pCb , T1PC, + 7T2p02)

where my + o = 1, m; > 0, and KL is the Kullback-
Leibler divergence. The J.S divergence measures how “far”
the classes are from their weighted combination, where the
m; assign the contribution of the two distributions. The J.S
measure is always non-negative, symmetric in its arguments,
and, unlike the KL divergence, is bounded. Moreover, it can



Algorithm constructTaxonomy
Input:C is the set of all classes
Pe;j are class-conditional density functions
Output: T is the rooted n-ary tree with lea f(T) = C
1. Initialize T as a single node. Set root(T).classes = C
and root(T').tosplit = true
2.while (w.tosplit == true), for some node w
3 {Cy; }™, = findPartition(w.classes)
4 Create m new nodes v;, set v;.tosplit = false
5. for—-each v;
6 set v; as a child of w
7 v;.classes = Cy,
8. if (|Cy,;| > 1) then set v;.tosplit = true
9. end-for
10.end-while

Algorithm findPartition

Input: C', is the set of n classes to partition

Output: {Cy,; }7* | form the partition of C

1. Let each class in Cy be a cluster {Cy, }7_;

2. Get J S-divergence among all pairs from C,;,
and also between each C'; and Cy

3. Find all pairs P, = (C,, Cuj) that violate the
constraint in Equation (3)

4. From P, select the pair (Cy,, Cvj) which has the
lowest value for the expression in Equation (4).

5.while (there exists a pair (Cy,, Cvj )

6 Replace Cy; and Cy; with Co, = Cy; U Cy;

7. Recompute pairwise JS-divergence as in step 2

8 Pick the pair (C»,, Cvj) as in step 3 and 4

9.end-while

Figure 1. Pseudo-code for the proposed approach

be generalized to more than 2 sets of classes/distributions.
The JS divergence between k sets of classes C; is defined

as
k

JS:({Ci:1<i<k}) =) mKL(pi,pm) (1)
i=1
where Zi m; = 1,m; > 0, and p,, is the weighted mean
probability distribution p,, = ZZ m;p; [1]. In this paper
we use JS({c; : ¢; € Cy,}) to refer to the JS divergence
between the set of distributions p.,; and JS({C,,,Cy, }) to
refer to the J.S divergence between the distributions pc,
and pc, , though they are sets of classes.
Usin;g, this definition of distance we can define a criterion
of partitioning C,,. We would like to partition C', into m
disjoint subsets {C,, : 1 < i < m} so as to minimize

JSx (Co, (1), Co, \ C, (1)) ZW(CM)JSW’ ({¢j1¢j €Cu})

m
i=1

(2)
where m(C,,) = cher,. Tey, and mg = me, /m(Cy, ), un-
der the constraint that Vi, j = ¢

JS‘n'" ({Cvi7 Cvj }) > min{‘]sﬂ” ({C’Uz7O7U}) ’
JSTr” ({Cvjacw})} (3)
where 7" = {1/2,1/2}.

The objective function in Equation (2) computes the sim-
ilarity of all the classes to the subset that they end up in.
Minimizing this function gives us subsets that are very ho-
mogeneous. We would like to minimize this objective func-
tion over all possible m sized partitionings of C,,, where
m ranges from 2...||C,,||. Since the function in Equation 2
would be trivially minimized if C,, was partitioned into
||Cy|| singleton subsets, we need to constraint the solution.

The constraint in Equation (3) ensures that none of the
m subsets are closer to each other than to the “parent” C,.
In other words any solution in which there exist at least one
pair of subsets that are closer to each other than to the par-
ent is considered invalid. This constraint enforces a distance
between sibling nodes, and is natural in the context of a tax-
onomy. If two sets of classes C,, and C,, are closer to
each other than each is to their parent C,,, then it can be
argued that they should be placed in the same subset, and be
separated lower in the tree. Setting priors 7" to uniform in
Equation (3) gives equal importance to all distributions, and
prevents larger classes from biasing the mean distribution
towards themselves.

An attractive feature of this constraint is that the threshold
on the distance between subsets is defined by the distances of
the subsets from the parent set, and from each other. Hence,
a solution with C,, and C,, very close to each other will
still be considered valid if either one of them is still closer to
Cw. On the other hand, another solution in which C,, and
C,, are far from each other might not be considered valid if
both are even further away from the parent C,,. Since the
partitioning criterion depends on the distance relationships
between classes, the structure of the taxonomy is learned au-
tomatically and no parameters need to be set by the user.

As mentioned above, we want to minimize the objective
in Equation (2) over all possible partitionings of C, into m
(where 2 < m < ||Cy||) subsets that satisfy the constraint
in Equation (3). The optimal solution can be obtained by
enumerating all possible solutions which satisfies the con-
straint, and picking the one which minimizes the objective.
The time complexity of this procedure will be exponential
in the number of classes in the parent. Hence, we need an
algorithm that computes a “good” solution efficiently at the
expense of optimality guarantees.

A GREEDY ALGORITHM TO FIND PARTITIONINGS.

In order to find a solution efficiently we devise a greedy
agglomerative approach. This is implemented as the proce-
dure findPartition in the pseudo-code in Figure 1.

Let the current node w being partitioned have a set of
n classes C,, associated with it. We seek to find the par-
titioning by agglomeratively clustering the set of classes.
We begin with each class as a separate cluster, {C,, }7 ;.
We then obtain pair-wise distances (as defined by the JS
divergence) between each pair of clusters, and also be-
tween each cluster and C,. We define a candidate-pair



for merging as a pair of clusters C,, and C;, such that
they violate the constraint in Equation (3). From all such
candidate-pairs we pick the one that has the smallest value
for (m(Cy,) + 7(Cy;))J Sx({Cy,, Cy, }) and merge its con-
stituents. The process of merging clusters C',, and C; in-
volves replacing them by another cluster C,, that includes
both their classes (C,, = C, UCY,), and then recalculating
the pair-wise distances and finding the new set of candidate-
pairs. We repeat this process of merging until no candidate-
pairs remain. The final set of clusters (each a set of classes)
define the partitioning of C',.

In our algorithm, we start with a presumably invalid solu-
tion with the lowest possible objective function value; each
class forms a singleton cluster {C,, }7_;. We then succes-
sively merge clusters (and incur an increase in objective
function value) until a valid solution is obtained. The pair of
clusters for merging are chosen from the set of clusters that
violate the constraint, in such a way so as to minimize the in-
crease in objective function value. After a valid solution has
been obtained we stop merging since further merging cannot
improve the value of the objective function.

Proposition 1. At any step in the findPartition al-
gorithm, merging the candidate-pair (C,,, C,,.) with lowest
value of (F(CW) + 7m(Cy, )) JS, ({C’U,i ,Cy, }j results in the

least increase in the objective function value

Corollary 1. Merging clusters will always result in an in-
crease in the value of the objective function.

Proposition 1 can be proved by noting that the change in
objective value due to merging sets C',, and C,, is

§ = (7(Cy,) + 7(Cy,)) JSx ({c:c€ Cy, UCy,})
—7(Cy,) JSr ({c:ce Cy,})
-7 (Cvj) JS ({c = Cvj})
= (m(Co;) + 7(Co;)) I Sx({Co;, G }) )

where 7' = 7. /m(C,) are the class priors normalized within
each cluster. Equation (4) can be obtained by using Theorem
4 in [1]. Then Corollary 1 follows from the non-negativity
of Jensen-Shannon divergence.

Proposition 2. The findPartition algorithm in Fig-
ure 1 will terminate with at least two clusters.

This proposition states that when only two clusters are
left, each cluster will be closer to the parent than to the other
cluster. In other words, a solution with only two clusters
is always valid. This follows from the fact that the Jensen-
Shannon divergence J S ({p;}) is convex in p; for a fixed
m. This property of our algorithm ensures that the procedure
constructTaxonomy in Figure 1 always terminates by
outputting a tree with classes placed at the leaves.

The merging process in our algorithm is greedy and no
guarantee can be given that the objective function will be
optimally minimized. However, we note that some of these
merges will be re-evaluated when children nodes are further
partitioned lower in the tree. The “parent” node during these
new partitions will be different and more specific. We claim
that this ameliorates some of the effects of greedy merges
and helps our algorithm find better hierarchies.

3 Experiments

In this section we present results of our evaluation of n-
ary and binary tree based taxonomies generated by ATG and
Agglomerative Information Bottleneck respectively.

DATASETS AND IMPLEMENTATION DETAILS.

We experiment on standard datasets that have a possible
hierarchical structure over the classes. Further, we ensure
that the datasets cover a wide range of domains and applica-
tions, such as text-categorization (20-Newsgroups), remote-
sensing (KSC, Botswana), real-valued attribute based cate-
gorization (Glass, Pendigits, Vowel). For the Text dataset,
the class-conditional pdfs at the leaf and the internal nodes
are estimated by assuming an independent, multinomial dis-
tribution of the words. In the case of real-valued data, the
pdfs are modeled as multi-variate Gaussian distributions.
While partitioning an internal node, a vocabulary specific
to that internal node is generated using the Fisher index cri-
terion. In addition, for the remote sensing data, we make
use of a domain-specific feature reduction technique called
“best-bases” to account for the high degree of correlation
between the different features. Further dataset and imple-
mentation details are provided in [3].

AGGLOMERATIVE INFORMATION BOTTLENECK.

Agglomerative Information Bottleneck (AIB) was pro-
posed by Slonim and Tishby in [5] where it was used to
hierarchically cluster words in a given dataset. However,
this technique can also be applied to classes in order to con-
struct a hierarchical structure over them. The method starts
with each class as a separate cluster. The algorithm then pro-
duces a binary tree by greedily merging clusters that mini-
mize the loss in mutual information of the intermediate clus-
tering with the category labels. In this respect, this method
resembles the way we partition the set of classes at each node
in the function findPartition in Figure 1. Readers are
referred to the original paper [5] for details of the AIB algo-
rithm and to [3] for a comparison with our current approach.
In the next section, we will compare the n-ary taxonomies
generated by ATG with the binary taxonomies generated by
AIB. This evaluation will also serve as a comparison of n-ary
tree based taxonomies with binary tree based ones.

N-ARY TAXONOMIES ARE MORE NATURAL.

The taxonomies generated by ATG and AIB are depicted
in the Appendix of the technical report [3]. From the tax-
onomy diagrams, one can see that for all datasets the ATG
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Figure 2. Hierarchies built from all training data.

method yields n-ary taxonomies that reflects the underlying
class affinities well. In particular, for the Glass dataset, we
recover the exact hierarchical structure specified in the UCI-
ML description of the dataset.

While the taxonomies generated by the AIB also even-
tually group similar classes together, the meta-classes gen-
erated higher up in the tree are a mix of fairly well-
separated classes, such as the “autos” and “motorcycles”
grouped with that of “politics” and “science” for the 20-
Newsgroup dataset. This behavior is all the more striking
for the Botswana dataset. The greedy nature of the AIB ap-
proach ensures that merge decisions are never re-evaluated,
whereas reevaluating the similarities in a node-specific fea-
ture space better reveals the inter-class affinities in the ATG
technique . For instance, for the 20-Newsgroup dataset,
the ATG technique by virtue of reconsidering the Electron-
ics/Computer cluster in a more specialized space is able to
correctly group the “comp.os.ms.windows.misc” class with
the “comp.windows” and “‘comp.graphics” classes, unlike
AIB that clumps it with the hardware classes during the ini-
tial stages of hierarchy creation. Similar observations can be
drawn from results on the other datasets.

CLASSIFICATION ACCURACIES.

A hierarchical taxonomy can be used as a classifier in
which a multi-class problem can be broken down into a set
of simpler problems. If the hierarchies are well-designed,
each sub-problem would be simpler than the original one
and would also typically require a smaller set of features
to resolve it [2]. Figure 2 plots the learning rates of SVM
and Bayesian classifiers learned on hierarchies constructed
by ATG and AIB. While the classifiers are trained on differ-
ing fractions of training data, the hierarchies are constructed
using all the training data. The superior classification ac-
curacies of the ATG-Bayesian classifiers, under the limited

Figure 3. Hierarchies built from limited training data.

data conditions, validates our assumption about the utility
of using a “more natural” tree to learn a hierarchical clas-
sifier. Figure 2(a) shows that for datasets like that of Text,
even “powerful” classifiers such as SVMs benefit from the
n-ary splits in terms of the classification accuracies. In the
set of graphs in Figure 3 we plot the learning rates of classi-
fiers when even the hierarchies are constructed on fractions
of the training data. It can be seen that for all datasets using
the ATG hierarchy with internal Bayesian classifiers outper-
forms the AIB based hierarchical classifiers. Using SVM-
based ATG classifiers offers comparable, if not better, clas-
sification accuracies than using SVMs with the AIB hierar-
chy. The results show that the proposed ATG method can
not only be used to generate meaningful hierarchies, but can
also be used as an alternative classifier especially for the low
data conditions. More details of the experimental setup as
well as additional results are provided in [3].
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