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Abstract. In this paper we propose using manifolds modeled by proba-
bilistic principle surfaces (PPS) to characterize and classify high-D data.
The PPS can be thought of as a nonlinear probabilistic generalization of
principal components, as it is designed to pass through the “middle” of
the data. In fact, the PPS can map a manifold of any simple topology
(as long as it can be described by a set of ordered vector co-ordinates)
to data in high-dimensional space. In classification problems, each class
of data is represented by a PPS manifold of varying complexity. Experi-
ments using various PPS topologies from a 1-D line to 3-D spherical shell
were conducted on two toy classification datasets and three UCI Machine
Learning datasets. Classification results comparing the PPS to Gaussian
Mixture Models and K-nearest neighbours show the PPS classifier to be
promising, especially for high-D data.

1 Introduction

Nonlinear manifolds embedded in high-dimensional space can provide a use-
ful low-dimensional (2-D or 3-D) summary of the data that is visualizable by
humans, assuming that the intrincsic data dimensionality is much lower. Prin-
cipal curves and surfaces[1] can be used to compute a manifold that generalizes
the property of principal components and subspaces, respectively. A discrete
non-parametric approximation[2] of principal surfaces that is much simpler to
compute comes in the form of Kohonen’s self-organizing map (SOM)[3]. The
2-D SOM is frequently used for visualizing high-D clusters in manifold/latent
space[4][5]. Moreover, the use of 3-D manifolds is not widespread.

A novel 3-D spherical (shell) manifold is proposed for modeling and visualiz-
ing high-D data. With all latent nodes on the spherical (shell) manifold equally
far away from the center, it captures nicely the sparsity and peripheral property
of high-D data[6]. Using the latent nodes on the spherical manifold as class ref-
erence vectors, a template-based classifier is also proposed. It is shown that the
addition of the third dimension of the spherical manifold dramatically improves
classification accuracy over 1-D and 2-D manifolds on two artificial classifica-
tion datasets with significant class overlap. The spherical manifold classifier is
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also evaluated against the unconstrained Gaussian mixture model (GMM) vec-
tor quantizer, and the K-nearest neighbor (KNN) classifier on three real high-D
datasets. Experimental results confirm the robustness of spherical manifolds for
modeling high-D data.

2 Spherical Manifolds

2.1 Curse-of-Dimensionality

Data in very high-D space tend to lie entirely at the peripheral of a sample
due to the curse-of-dimensionality[6]. To appreciate that this is indeed the case,
consider data uniformly distributed within a hypercube in R

D : R ∈ [−1, 1],
where D denotes the dimensionality. For D = 1 (a line) the fraction p of data
lying within the center interval R

D : R ∈ [−0.5, 0.5] is 0.5, for D = 2 (a square)
this number decreases to 0.25, and for D = 3 (a cube), p further decreases
to 0.125. The general formula for arbitrary D is p = 2−D, from which it can
be inferred that even moderate values of D like 20 will result in only a single
(0.9537 � 1) point out of, say, 106 samples to lie within the central region!

It is clear from the above example that fitting a single multivariate Gaus-
sian distribution to high-D data is inappropriate and actually much worse than
fitting a 1-D Gaussian to a 1-D uniformly distributed data, as the Gaussian den-
sity assumes the majority of data to be concentrated at the center, contrary to
the peripheral property of high-D data. A Gaussian mixture model (GMM)[7]
will be able to better model the high-D data by fitting a Gaussian distribution
to each dense (i.e. peripheral) regions within the space. However, the uncon-
trained nature of the GMM makes it very sensitive to initializations; a good fit
is obtained if the Gaussian centers are initialized properly and vice-versa. Con-
sequently, a constrained mixture model incorporating some prior knowledge of
the characteristics of high-D data is clearly more desirable.

The probabilistic principal surface (PPS)[8] is one such model that explicitly
contrains the Gaussians to lie in a pre-defined latent topology. A PPS with 3-
D spherical latent topology is introduced for approximating high-D data. The
spherical manifold is comprised of nodes evenly distributed on the surface of a
sphere. It possesses two attractive characteristics: (1) nodes are distributed on
the peripheral and equally far away from the center, just like high-D data, and
(2) it is finite but unbounded, which is intuitively suitable for estimating the
boundary of high-D data. The goal is to show that the 3-D spherical manifold
is capable of modeling high-D data much more accurately then 1-D and 2-D
manifolds. The next section briefly describes the probabilistic principal surface
model used to construct a spherical manifold.

2.2 Probabilistic Principal Surfaces

Principal surfaces (curves)[1] are nonlinear generalizations of principal subspaces
(components) that formalizes the notion of a low-D manifold passing through
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the ‘middle’ of a dataset in high-D space. The probabilistic principal surface
(PPS)[8], a generalization of the generative topological mapping (GTM)[9][10], is
a parametric approximation of principal surfaces. The PPS manifold is comprised
of M nodes {xm}M

m=1 arranged typically on a uniform topological grid in latent
(low-D) space R

Q. The topology is consistently enforced via a generalized linear
mapping from each latent node xm in R

Q to it’s corresponding data node f (xm)
in data (high-D) space R

D (D is the data dimensionality),

f (xm) = Wφ (xm)

where W is a D × L real matrix and

φ (xm) =
[
φ1 (xm) · · · φL (xm)

]T
,

is the vector containing L latent basis functions φl (x) : R
Q → R, l = 1, . . . , L.

The basis functions φl (x) are usually isotropic Gaussians with constant widths.
Each data node f (xm) actually corresponds to the mean of a Gaussian proba-
bility distribution with noise covariance parameter,

Σm =
α

β

Q∑

q=1

eq (xm) eT
q (xm)

+
(D − αQ)
β (D − Q)

D∑

d=Q+1

ed (xm) eT
d (xm)

0 < α < D/Q,

where β−1 is the global spherical covariance, α is the amount of clamping in the
tangential direction, {eq (xm)}Q

q=1 and {ed (xm)}D
d=Q+1 are the set of vectors

tangential and orthogonal to the manifold at f (xm) in data space, respectively.
Figures 1 and 2 show respectively, a 1-D PPS and its noise covariance model for
different values of α. Notice that the GTM is obtained for α=1. It has been shown
that the PPS with an orthogonal noise model (α<1) yields better manifolds
in terms of reconstruction error[8]. The PPS is iteratively computed using a
maximum likelihood optimization procedure.

The spherical manifold can be trivially constructed using a PPS with latent
nodes {xm}M

m=1 arranged regularly on the surface of a sphere in R
3. At the

onset, the manifold is intialized to a hyper-sphere in dataspace via the linear
transformation f (xm) = Vxm where V =

[
λ1v1 λ2v2 λ3v3

]
is comprised of the

three largest eigenvectors {vq}3
q=1 (scaled by their corresponding eigenvalues λq)

of the data covariance matrix.

3 Spherical PPS Classifier

A template-based classifier using spherical manifolds is proposed. This is a sig-
nificant improvement over the the previously proposed template-based classi-
fier which uses principal curves (1-D manifolds)[11]. A template-based classifier
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models data of each class independently of all other classes; a given test sample
is classified according to its similarity (distance) to the class templates (refer-
ence vectors). The K-nearest neighbor (KNN) classifier can be regarded as a
template-based classifier that uses all data samples as class reference vectors,
and is frequently used to obtain a rough estimate of the Bayes error. Likewise,
a Gaussian mixture model (GMM) can be used to compute reference vectors for
each class, known as the GMM classifier. These two related classifiers are there-
fore used in this paper for benchmarking the proposed classifier. The main goal
is to show that the spherical manifold, with its incorporated prior knowledge of
high-D data, can model the data better than the unconstrained GMM, thereby
contributing to better classification performance.

4 Experiments

The spherical manifold classifier (PPS) is compared to the GMM and KNN
classifiers on the 5 datasets shown in table 1. For all experiments, a 50/50 train-
ing/test random stratified partition scheme was used, and results were obtained
on the test set for 10 repeated trials. An isotropic covariance model (α = 1)
was used for both the PPS and GMM classifier, unless otherwise stated. Val-
idation was found to be unnecessary for all three types of classifiers. All real
datasets were normalized to zero mean and unit variance and the same number
of reference vectors (manifold nodes) were used for all models where applicable.

Table 1. N :number of samples, C:number of classes, D:number of dimensions

Dataset D C N

1 gaussian 8 2 5000
2 uniform 8 2 5000
3 letter 16 26 20000
4 ocr 30 26 16280
5 satimage 36 6 6435

Fig. 1. A 1-D PPS in R
3 with 5 nodes and 4 latent bases
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α = 0.10 α = 0.50 α = 1.50 α = 1.90

Fig. 2. Unoriented covariances α = 1 (dashed line) and oriented covariances (solid line)
for α = 0.10, 0.50, 1.50, 1.90

4.1 Artificial Dataset

In this section, the effect of dimensionality (varied from 3 to 8) on the spherical
manifold classifier is examined using two artificial datasets with highly overlap-
ping classes. The gaussian dataset[12] is comprised of two equal-sized classes
drawn from overlapping Gaussian distributions with zero mean and isotropic
variances of 1 and 4, respectively. For comparison, the 1-D and 2-D PPS classi-
fiers were also simulated. Results averaged over 10 trials are given in figure 3. It
can be seen that the 1-D and 2-D PPS classifiers were the two worst performers
due to their inability to model the complete overlap of the 2 classes in high-D
space. While the spherical manifold (PPS-3D) classifier performed much better
than the other two PPS classifiers, it was still worse than the GMM and KNN
classifiers. This is expected because at lower dimensions, the Gaussian data is
mostly concentrated at the core, thereby defying the peripheral assumption of
the spherical manifold classifier. However, as data gets increasingly sparse at
higher dimensions, both the KNN (for D>6) and GMM (for D>7) classifiers
start to deteriorate, whereas the spherical manifold classifier is seen to consis-
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Fig. 3. Gaussian: average classification error versus dimensionality
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Fig. 4. uniform: average classification error versus dimensionality

tently improve with increasing dimensionality! This demonstrates the robustness
of the spherical manifold classifier with respect to the curse-of-dimensionality,
even where Gaussian data is concerned.

To see if the spherical manifold classifier actually performs better then GMM
or KNN on high-D uniformly distributed data, a uniform dataset with features
similar to the gaussian dataset was created. The first class is comprised of 2500
samples uniformly drawn from R

D : R ∈ [−1, 1] and the second class contains
2500 samples drawn from R

D : R ∈ [−2, 2], where D = 8. The results in figure 4
confirm the superiority of the spherical manifold classifier over other classifiers
for high-D (D > 6) uniformly distributed data.

4.2 Real Dataset

In this section, the performance of the spherical manifold classifier is evaluated
on three real high-D datasets–the letter (letter-recognition) dataset from the UCI
machine learning database[13], the ocr (handwritten character) dataset provided
by the National Institute of Science and Technology, and the remote sensing

Table 2. Letter: average classification error

Classifier Error (%) Std. Dev.
PPS-3D (α = 0.1) 8.08 0.17
PPS-3D (α = 0.5) 7.84 0.26
PPS-3D (α = 1) 7.82 0.24
KNN (k = 1) 8.21 0.16
GMM 13.76 0.29
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Table 3. ocr: average classification error

Classifier Error (%) Std. Dev.
PPS-3D (α = 0.1) 10.68 0.36
PPS-3D (α = 0.5) 10.56 0.34
PPS-3D (α = 1) 10.60 0.29
KNN (k = 5) 11.23 0.43
GMM 16.84 1.95

Table 4. satimage: average classification error

Classifier Error (%) Std. Dev.
PPS-3D (α = 0.1) 11.36 0.35
PPS-3D (α = 0.5) 11.03 0.57
PPS-3D (α = 1) 11.16 0.50
KNN (k = 1) 10.76 0.28
GMM 14.89 0.73

satimage dataset from the Elena database[12]. Averaged results on the three
datasets are shown in tables 2 to 4. From the tables, it can be concluded that the
constrained nature of the spherical manifold results in a much better set of class
reference vectors compared to the GMM. Further, its classification performance
was comparable to, if not occasionally better than the best KNN classifier.

5 Conclusion

From the observation that high-D data lies almost entirely at the peripheral,
a 3-D spherical manifold based on probabilistic principal surfaces is proposed
for modeling very high-D data. A template-based classifier using spherical man-
ifolds as class templates is subsequently described. Experiments demonstrated
the robustness of the spherical manifold classifier to the curse-of-dimensionality.
In fact, the spherical manifold classifier performed better with increasing di-
mensionality, contrary to the KNN and GMM classifiers which deteriorates with
increasing dimensionality. The spherical manifold classifier also performed sig-
nificantly better than the unconstrained GMM classifier on three real datasets,
confirming the usefulness of incorporating prior knowledge (of high-D data) into
the manifold. In addition to giving comparable classification performance to the
KNN on the real datasets, it is important to note that the spherical manifold
classifier possess 2 important properties absent from the other two classifiers:

1. It defines a parametric mapping from high-D to 3-D space, which is useful
for function estimation within a class, e.g object pose angles (on a viewing
sphere) can be mapped to the spherical manifold[14].

2. High-D data can be visualized as projections onto the 3-D sphere, allowing
discovery of possible sub-clusters within each class[15]. In fact, the PPS has
been used to visualize classes of yeast gene expressions[16].
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It is possible within the probabilistic formulation of the spherical manifold
to use a Bayesian framework for classification (i.e. classifying a test sample to
the class that gives the maximum a posteriori probability), thereby coming up
with a rejection threshhold. However, this entails evaluating O (M) multivariate
Gaussians, and can be computationally intensive. The PPS classifier has recently
been extended to work in a committee, which was shown to improve classifica-
tion rate on astronomy datasets[17]. Further studies are being done on using
the spherical manifold to model data from all classes for visualization of class
structure on the sphere, and also for visualizing text document vectors.
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