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Abstract

This paper introduces ratings re-specification; a
novel framework for rank ordered recommenda-
tions. Ratings re-specification can be applied to
any regression based recommendation model to
optimize the rank ordering. The ratings are re-
specified by searching for a monotonic transfor-
mation that results in a better fit while preserving
their user-wise ranked order. In this paper, rat-
ings re-specification is combined with a matrix
factorization regression model to exploit shared
low dimensional structure. We show that the
resulting model recovers a unique solution un-
der mild conditions, and propose a simple and
efficient optimization scheme that alternates be-
tween re-specifying the ratings subject to order-
ing constraints, and matrix factorization regres-
sion. The re-specification step is independent for
each user, and can be parallelized. The ranking
performance of proposed approach is evaluated
on benchmark movie recommendation datasets
and results in superior ranking performance com-
pared to recommender system algorithms specif-
ically designed to optimize ranking metrics.

1 INTRODUCTION

Recommender systems are often trained to learn rating
scores for each user-item pair. However, in most deployed
systems, these learned scores are not shown to the user.
Instead, the user is only shown a few of the top items as
ordered by the learned scores [9]. This means that al-
though regression metrics such as root mean square error
(RMSE) and mean absolute error (MAE) are easier to op-
timize, ranking metrics such as normalized discounted cu-
mulative gain (NDCG) [12] and expected reciprocal return
(ERR) [7] are a more accurate reflection of recommender

An extended version of this manuscript is published in [16].

systems. Thus, the focus of research in the recommender
systems literature has begun to shift from algorithms and
metrics for regression to others that learn and measure the
ranking of items for each user.

This paper proposes ratings re-specification; a framework
for learning the user-wise ranking of items inspired by
the study of learning to rank (LETOR) in the the infor-
mation retrieval literature [17]. There, initial approaches
using point-wise ranking models were replaced by pair-
wise models [10], and are now being superseded by list-
wise ranking models [6, 2]. The list-wise approach learns
a ranking model for the entire set of items and has gained
prominence in the LETOR literature with strong theoretical
guarantees and superior empirical performance [18].

Ratings re-specification can be applied to any regression
based recommendation model to optimize the rank order-
ing. We show that ratings specification inherits useful sta-
tistical and optimization theoretic properties when the loss
function for the regression models is a Bregman divergence
[5], a family of divergences that includes such popular loss
functions such as squared loss and the Kullback-Leibler
(KL) divergence.

The main contributions of this paper are as follows:

• We propose ratings re-specification; a framework
used to transform a regression based recommendation
model to a user-wise ranking model.

• We study the combination of ratings re-specification
with matrix factorization (RR-MF).

• We propose a simple optimization scheme that alter-
nates between the re-specification step and the regres-
sion step. The re-specification step is independent for
each user and can be solved in parallel.

• Ratings re-specification with matrix factorization
is evaluated on benchmark movie recommendation
datasets and compared to recommender system algo-
rithms specifically designed to optimize ranking met-
rics.



Notation: Vectors are denoted by bold lower case letters,
matrices are capitalized. x> denotes the transpose of the
vector x, ||x|| denotes the L2 norm. A vector x is defined
to be in descending order if xi ≥ xj when i > j, the
set of such vectors is denoted by R↓. Vector x is isotonic
with y if xi ≥ xj implies yi ≥ yj . The unit simplex is
denoted by ∆ and ∆ε denotes the subset of an unit simplex
such that each of its members are component-wise bounded
away from 0 by ε. The positive orthant is denoted by Rd+
andRdε denotes its subset such that each of its members are
component-wise bounded away from 0 by ε.

1.1 RELATED WORK

Models for user-wise ranking have been studied by several
researchers in the recommender systems literature. Point-
wise models applied to collaborative filtering predict user
ratings using regression or classification methods, the final
ranking is defined by the ordering of the regression scores.
Cremonesi et al. [9] showed that methods trained to opti-
mize regression metrics may not be effective for top-k rec-
ommendation. Steck et al. [21] proposed modifications of
matrix factorization methods motivated by top-k ranking
performance. A related class of point-wise ordinal regres-
sion models have also been proposed. These models are
optimized so that user ratings are correctly placed in or-
dered bins corresponding to the different rating levels. For
instance, maximum margin matrix factorization (MMMF)
[20] jointly optimized the matrix factorization and the user
rating bins using the Hinge loss, and Ordrec [15] combined
logistic ordinal regression loss with matrix factorization.

Ranking performance may be improved further by using
a pair-wise approach. Balakrishnan et al. [4] proposed a
pairwise classification approach for collaborative ranking.
The authors showed effective ranking performance as mea-
sured using the NDCG metric. Pair-wise ranking results
in a model with computational cost that is quadratic in the
number of items to be ranked. This is a significant increase
in computational cost and may be prohibitive in large scale
recommender systems with millions of ratings Another
concern is the fact that pair-wise orders are not necessar-
ily transitive. Hence, orders over pairs of items may not
directly translate into an ordered list. For example, given
three items {a, b, c}, there is no consistent ordered list if the
pair-wise relations are given by {a > b}, {b > c}, {c > a}.

List-wise approaches avoid the computational and consis-
tency hazards of pair-wise methods. In addition, list-wise
methods often have stronger statistical and optimization
theoretic guarantees [18, 2], and superior empirical perfor-
mance. List-wise models applied to recommender systems
are known as user-wise ranking models. COFIRANK [22],
a popular approach for user-wise recommender systems,
trains a matrix factorization model to optimize a bound of
the NDCG metric. Shi et al. [19] adapted the list-wise

ranking algorithm proposed in [6] to recommender systems
by replacing the underlying linear regression model with a
matrix factorization regression model.

1.2 BACKGROUND ON BREGMAN
DIVERGENCES

Let φ : Θ 7→ R, Θ = domφ ⊆ Rd be a strictly con-
vex, closed function, differentiable on int Θ. The cor-
responding Bregman divergence Dφ

(
·
∣∣∣∣∣∣·) : dom(φ) ×

int(dom(φ)) 7→ R+ is defined as Dφ

(
x
∣∣∣∣∣∣y) , φ(x) −

φ(y) − 〈x− y,∇φ(y)〉 . In this paper we only consider
functions of the form φ(·) : Rn 3 x 7→

∑
i φ(xi) that are

sums of identical scalar convex functions applied to each
component. We refer to this class as identically separable
(IS). This class has properties particularly suited to rank-
ing. Squared loss and Kullback-Leibler divergence (KL)
are in this family.

2 LEARNING TO RECOMMEND

Let U and V denote the set of users and items respec-
tively. Let Vi denote the set of items rated by user i and
|Vi| its cardinality. We denote the true ratings by Yij and
predicted ratings by Ŷij . Let wij be a binary variable that
denotes whether user i has rated item j (wij = 1) or not
(wij = 0). The item recommendation task consists of
learning the user’s taste from the training ratings. In ma-
trix factorization (MF) [14], the predictions take the form:

Ŷij = 〈ui,vj〉 , (1)

where ui ∈ Rd is called a user factor for user i and vj ∈
R
d is the item factor for item j.

The factors are learned by minimizing the squared Eu-
clidean distance between the actual ratings and the pre-
dicted ratings as indicated in equation (2):

min
ui,vj

∑
i∈U,j∈V

1

2
wij(Yij − Ŷij)2. (2)

In this context the cost function (2) is unnecessarily strict.
It is only required that the predictions Ŷij order the items
in the same way that Yij does.

These drawbacks are now well recognized and have in-
spired several ranking based approaches to the the recom-
mendation problem. The newer approaches replace (2) by
other cost functions that depend not on the predicted scores
themselves, but on the order induced by them. Examples
of such cost functions include the normalized cumulative
discounted gain (NDCG) [12], expected reciprocal return
(ERR) [7] and mean absolute precision (MAP) [3]. Their
use however introduce a significant difficulty. The domain
of these cost functions is the space of permutations of the



list of items. This is not only a discrete (combinatorial)
space, but also one whose size grows exponentially with
the number of items. This makes training with respect to
these cost functions frightfully difficult.

In this paper we adapt a list-wise learning to rank (LETOR)
algorithm called monotone retargeting (MR), developed re-
cently [2], to the recommendation task. MR introduces
a new family of cost functions that have several desirable
properties, both computational and statistical. It uses a cost
function that is truly a function of the order and not of the
predicted values, therefore well suited for ranking. For ap-
propriate choices, the cost function is jointly convex in its
parameters, hence has a global minimum. MR allows ef-
ficient as well as highly parallelizable algorithms for train-
ing. The key observations that motivates the MR is that (i)
the combinatorial problem of LETOR can be transformed
into a problem of searching over the space of all monotonic
transformations and (ii) it is possible to design an efficient,
convergent technique to solve the challenging task of min-
imizing over this infinite function space without sacrificing
generality.

2.1 RATINGS RE-SPECIFICATION WITH
MATRIX FACTORIZATION

Given any loss function D : R×R 7→ R+, we may define
a pointwise LETOR based MF problem by:

min
ui,vj ,Υi∈M

∑
i

∑
j

wijD
(
Yij ,Υi ◦ f(〈ui,vj〉)

)
,

where f : R 7→ R is some regression function and
Υi : R 7→ R is a monotonic increasing transformation
and M is the class of all such transformations. As noted
in [2] the optimization over the infinite space of functions
M can be converted into one over finite dimensional vec-
tor spaces provided we have a finite characterization of the
constraint set R↓i. Let Yi,∗ represent the item ratings for
user i arranged in (non-unique) sorted order. Further, let
V ∈ R|V|×d with V (j) = vj represent the collected item
factors, and Vi ∈ R|Vi|×d represent the subset of item
factors corresponding to the items rated by user i, sorted
to match the ratings Yi,∗. Without loss of generality, the
monotone transformation can be applied to the left hand
side i.e. to the sorted ratings. The resulting cost function
is:

min
ui,V,ri∈R↓i

∑
i

D(r, f(Viui)) (3)

s.t. R↓i = {r| ∃M∈MM(Yi,∗)=r}.

where f(·) is applied element-wise to result of the matrix
vector product Viui, andR↓i represents all vectors that are
sorted in decreasing order. Hence R↓i hence includes vec-
tors r ∈ R|Vi| such that rk+1 = rk or some k. Since the
vectors r are the targets given to the regressor to fit, it is

more robust to enforce separation between the components,
i.e. maintain rk ≥ rk+1 + ε. We indicate the set of all such
ε separated decreasing ordered sets byRε↓i.

The Set Rε↓i: The convex composition r = αr1 + (1 −
α)r2 of two isotonic vectors r1 and r2 preserves isotonic-
ity, as does the scaling αr for any α ∈ R+. Hence the set
Rε↓i is a convex cone.

In addition, we shall make use of the set of all discrete prob-
ability distributions sorted in decreasing order but also sat-
isfying ri ≥ ri+1 + ε

i . i.e. Rε↓i ∩∆i that we represent by
∆ε↓ . Note that vectors in ∆ε↓ are not only sorted but have
an increasing gap between consecutive components.

Lemma 1 The set ∆ε↓ of all discrete probability distribu-
tions of dimension d that are in descending order is the
image Tx s.t. x ∈ ∆ε where T is an upper triangular ma-
trix generated from the vector v∆ = {1, 1

2 · · ·
1
d} such that

T (i, :) = {0}i−1 × v∆(i :)

The motivation for such a construction is that even if the
regressor is inaccurate, if the inaccuracy is more or less
uniform across the components, the top entries of the pre-
dictions will be less prone to order reversal than the bottom
ones: a desirable feature for ranking. We note that MR [2]
did not consider any of the ε separated ordered sets we have
described in this section.

With appropriate choices of the distance like function
D(·, ·) and the curve fitting function f(·) we can transform
(3) into a bi-convex optimization problem over a product
of convex sets. We choose D(·, ·) to be a Bregman diver-
gence Dφ

(
·
∣∣∣∣∣∣·), defined in Section 1.2, and f(Viui) to be

(∇φ)
−1

(Viui), leading to the formulation:

min
ui,V,r∈Rε↓i

∑
i

Dφ
(
ri

∣∣∣∣∣∣(∇φ)
−1

(Viui)
)
. (4)

Bregman divergences are the class of regression loss func-
tions of choice, motivated by various statistical and op-
timization theoretic properties. Ravikumar et al., [18]
showed that Bregman divergences are the only family of
cost functions that are strongly consistent with the NDCG
metric. In addition, we highlight the property of joint con-
vexity. Let zi = Viui represent the vector of predicted
ratings of user i. Acharyya et al. [2], showed that (4) is
jointly convex in {ri} and {zi} if and only if the Bregman
divergence is squared loss.

We note that since we maintain explicit representation of
the factor matrices U and V , the optimization problem is
no longer convex with respect to these factors. However
we can apply the results of [1] (Proposition 5) which show
that if the cost function is strongly convex and the selected
rank is sufficiently large, the local minima in terms of U
and V are global in terms of the regression matrix Z =
UV >. It follows that under mild conditions, RR-MF using



squared loss recovers a unique solution. The cost function
using other Bregman divergences can only provide local
optimality guarantees.

3 FORMULATION AND ALGORITHM

We safeguard against overfitting by adding squared Frobe-
nius norm regularization for the matrices U and V. Note
that the cost function (4) is not invariant to scale. i.e. the
cost can be reduced just by scaling its arguments down,
without actually learning the task. To remedy this, we con-
strain ris to lie in an appropriate closed convex set not only
separated from the origin but also to a set of vectors whose
adjacent components are separated from each other. For
the latter we use the set ∆ε↓ as defined in Section 2.1. Af-
ter these modifications we obtain the final formulation as:

min
ui,V,ri∈∆ε↓i

∑
i

Dφ
(
ri

∣∣∣∣∣∣(∇φ)
−1

(Viui)
)

+
λu
2

∑
i

||ui||2 +
λv
2

∑
j

||vj ||2 (5)

In our formulation we assume that the true movie ratings
are totally ordered, though the finer ordering between sim-
ilar items is not visible to the ranking algorithm. Let
Pj = {Pjk}

kj
k=1 be a partition of the index set of Vj , such

that all items in Pjk have the same training score. (for ex-
ample the set of all movies rated 5 by a particular user). The
sets Vj effectively get partitioned further into {Pjk}

kj
k=1.

Though the ratings provide an order between movies from
any two different sets Pjk and Pjl, the order within any set
Pjk remains unknown. To retrieve the total order we intro-
duce a block-diagonally restricted permutation matrix Pj
that can permute indices in each Pjk independently. Since
the items in Pjk are not equivalent they are available for
re-ordering as long as that minimizes the cost (5). Using
the properties of Bregman divergence, Acharyya et al. [2]
showed that if φ(·) is IS, the solution is given by the sorted
order. Thus update (6) can be accomplished by sorting.
The combined algorithm for RR-MF is given in Fig. 1. We
cycle through all three update steps until convergence.

Pt+1
i = Argmin

π
Dφ
(
Tx

t
i

∣∣∣∣∣∣(∇φ)
−1

(πViui)
)
∀i parallel (6)

x
t+1
i = Argmin

x∈∆ε↓
Dφ
(
Tx
∣∣∣∣∣∣(∇φ)

−1
(
Pt+1
i Viui

))
∀i parallel

(7)

U, V = Argmin
{ui,V }

∑
i

Dφ
(
Tx

t+1
i

∣∣∣∣∣∣(∇φ)
−1
(
Pt+1
i V u

))
(8)

+
λu

2

∑
i

||ui||2 +
λv

2

∑
j

||vj ||2

Figure 1: RR-MF Optimization Algorithm

4 EXPERIMENTS

We evaluated RR-MF on three publicly available recom-
mender datasets:

• Movielens1 is a movie recommendation website ad-
ministered by GroupLens Research. GroupLens Re-
search has made available three ratings datasets of
varying sizes2. We used the movielens 1M and movie-
lens 10M datasets. Ratings in movielens 1M take
one of 5 values in the set {1.0, 2.0, . . . , 5.0}. Rat-
ings in movielens 10M take one of 10 values in the
set {0.5, 1, 1.5, . . . , 5.0}

• Flixster3 is a website where users share film reviews
and ratings. We used the flixster dataset provided by
[11] with timestamps. Ratings in Flixster take one of
10 values in the set {0.5, 1, 1.5, . . . , 5.0}.

Table 1: Data Sizes After Preprocessing
DATASET # USERS # ITEMS # RATINGS

Movielens 1M 5,289 3,701 982,040
Movielens 10M 57,534 10,675 9,704,223
Flixster 30,277 48,146 7,580,563

Data preprocessing: First, we removed all users with less
than 30 ratings. Each of the evaluated datasets contains the
time-stamp of the user rating. For each user, we selected
the last third of the ratings sorted by user-time as the test
set, the middle third as the validation set, and any left over
was selected as the training set. This ensures that each user
has at least 10 ratings in the validation and test sets so we
are able to compute the top-k performance metrics for at
least 10 retrieved items per user. Details of the dataset sizes
after preprocessing are provided in table Table 1.

We experimented with RR-MF using squared loss based on
the optimization theoretic guarantees. RR-MF was imple-
mented in Python/Numpy. We implemented (7) using the
exponentiated gradient (EG) algorithm [13]. Cython was
used to implement the parallel re-specification updates (7)
and parallel sorting (6). We also evaluated the performance
of COFIRANK -NDCG [22] and COFIRANK -ordinal [23] as
baseline models using the C++ implementation provided
by the authors 4.

The models are scored using the following metrics com-
monly used for evaluating ranking models [17]: Normal-
ized discounted cumulative gain (NDCG@k), precision
(P@k), expected reciprocal return (ERR) and mean aver-
age precision (MAP). For all models, we selected the

1movielens.umn.edu
2www.grouplens.org/node/73
3www.flixster.com
4available at http://www.cofirank.org



regularization parameter λ = λu = λv from the set
10{−2,−1.5,−1,...,2}. We plot NDCG and precision in Fig. 2.
Further results with other ranking metrics were also com-
puted including ERR (Table 2), MAP (Table 2)) and the
NDCG of the full list (Table 4)). For the precision and
MAP metrics, a movie was considered relevant if its rating
was greater than 4. In all tables, “–” represents datasets
where COFIRANK -NDCG did not finish after running for
more than seven days.

Our experiments show that RR-MF improves ranking per-
formance over COFIRANK -NDCG and COFIRANK -ordinal
as measured by all the metrics that we computed. We
note that COFIRANK -ordinal [23] has been shown to out-
perform several state of the art models including maximum
margin matrix factorization [20] and Gaussian process or-
dinal regression [8]. The results were even more striking
when we compared the NDCG performance of RR-MF to
COFIRANK -NDCG, though the algorithm is specifically de-
signed to optimize NDCG. Our results were qualitatively
very similar for rank 10 and rank 20 models.

The code was executed on a 2.4GHz quad-core Intel Xeon
processor. Timing on the larger movie datasets are shown
in Table 5 and compared to COFIRANK . We found that RR-
MF exhibited much better scaling behavior as the size data
increased. We suspect that the large observed runtimes of
COFIRANK -NDCG are due to the cost of the linear assign-
ment problem that must be solved for each user at every
iteration. The computational requirements of the linear as-
signment problem scale cubically with the number of rat-
ings per user. RR-MF is able to avoid solving this linear
assignment problem since for Bregman divergences, sort-
ing recovers the optimal ordering.

Table 2: Expected Reciprocal Return (ERR)
RR-MF COFIRANK -NDCG COFIRANK -ORD.

Movielens 1M
Rank 10 0.819 0.726 0.774
Rank 20 0.816 0.728 0.756
Movielens 10M
Rank 10 0.780 0.687 0.763
Rank 20 0.781 – 0.753
Flixster
Rank 10 0.771 – 0.743
Rank 20 0.771 – 0.737

5 CONCLUSION AND FUTURE WORK

In this paper, we proposed ratings re-specification with ma-
trix factorization (RR-MF), a novel approach for learning
the user-wise ranking of items for recommender systems.
Ratings re-specification improves the ranking performance
by searching for a monotonic transformation of the rat-
ings that that is a results in a better fit while preserving the
ranked order of the ratings. RR-MF was compared to the
ranking and ordinal regression variants of COFIRANK and

Table 3: Mean Absolute Precision (MAP)
RR-MF COFIRANK -NDCG COFIRANK -ORD.

Movielens 1M
Rank 10 0.485 0.358 0.435
Rank 20 0.482 0.360 0.408
Movielens 10M
Rank 10 0.472 0.353 0.453
Rank 20 0.470 – 0.439
Flixster
Rank 10 0.513 – 0.488
Rank 20 0.509 – 0.480

Table 4: Normalized Cumulative Discounted Gain
(NDCG)

RR-MF COFIRANK -NDCG COFIRANK -ORD.
Movielens 1M
Rank 10 0.896 0.846 0.877
Rank 20 0.895 0.847 0.867
Movielens 10M
Rank 10 0.892 0.843 0.883
Rank 20 0.891 – 0.878
Flixster
Rank 10 0.888 – 0.877
Rank 20 0.887 – 0.874

evaluated on benchmark movie recommendation datasets.
Our results show superior ranking performance compared
to COFIRANK -NDCG, though COFIRANK -NDCG is specif-
ically designed to optimize NDCG. We plan to explore the
use of other Bregman divergences in future work. Although
the unique solution is only guaranteed for squared loss, the
performance results presented in [2] provide some motiva-
tion for applying other divergences. We also plan to ex-
plore the use of side information to improve the user-wise
ranking performance.
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